On Osserman manifolds^∗

Zoran Rakić^† Faculty of Mathematics, University of Belgrade, Studentski trg 16, p.o. box 550, 11 001 Belgrade, SERBIA

Abstract

Here we give a short survey on the theory of pseudo-Riemannian Osserman manifolds, which arises from Osserman conjecture.

1. Introduction Let (M, g) be a m−dimensional pseudo-Riemannian manifold of signature (p, q). By ε_X = g(X, X) we will denote the norm of the vector X ∈ T_pM, and depending on their norm we distinguish the following types of tangent vectors: spacelike (ε_X > 0), timelike (ε_X < 0), null (ε_X = 0 , X ≠ 0), definite (ε_X ≠ 0) and unit (|ε_X | = 1). By S_pM, S^+_p M, and S^−_p M we will denote all unit nonnull, spacelike and timelike vectors in T_pM, respectively. Let ∇ be the Levi-Civita connection and let R be the associated Riemannian curvature tensor, R(X, Y ) := [∇_X , ∇_Y ] − ∇_{[X,Y ]}. The Jacobi operator R_X : Y −→ R(Y, X)X is a symmetric endomorphism of the tangent bundle T M. For nonnull X, R_X preserves the orthogonal space {X}^⊥, and we will use the notation R̄_X for the restriction of R_X to this space. If M is a Riemannian manifold which is locally a rank-one symmetric space or if M is flat, then the local isometry group acts transitively on the unit sphere bundle SM^1, and hence the eigenvalues of R_X are constant on SM. Based on the paper [34], Osserman in [33] wondered if the converse held, this question is usually known as Osserman conjecture.

If the eigenvalues of the Jacobi operator R_X are constant on SM, then M is locally a rank-one symmetric space or a flat space ?

This question was starting point of the field. In the years which has followed many authors have worked in this and related fields. For more details about this topic one can find in monographs [27], [23].

∗ Work supported work is partially supported by Serbian Ministry of Science and Environmental Protection, project No. 144032D. MSC2000: 53B30, 53C50.

† e-mail address: zrakicmatf.bg.ac.yu .

1 Spaces which satisfy this condition are called two-point homogenous spaces. Twopoint homogeneous spaces are R^n, RP^n, S^n, H^n, CP^n, CH^n, HP^n, HH^n, Cay P^2, and CayH^2. 335

Our paper is organized as follows. Section 1 is devoted to the introduction in this topic and motivation. In Section 2 we give some basic notations and notions which we will use in the rest of the paper. Section 3 is devoted to the Riemannian case which is almost closed after papers of Chi and Nikolayevsky. The last Section 4 is devoted to the Osserman manifolds in pseudo-Riemannian settings. Except the Lorentzian case, which is solved by Blažić, Bokan and Gilkey (see [6]), there are a lot of open problems. Here we are discussing some aspects of these problems, giving known and new results and some new ideas and tools for further treatment of Osserman type problems.

2. Preliminaries

2.1. Notions and notations.

For natural generalizations of Osserman conjecture to the pseudo-Rieman-nian manifolds the following notions were defined. One says that (M, g) is spacelike (resp. timelike) pointwise Osserman if the characteristic polynomial of R_X is independent on X ∈ S^+_p M (resp. S^−_p M). Manifolds such that the characteristic polynomial of R_X is constant on the bundle S^+M(resp. S^−M) of unit spacelike (resp. timelike) vectors are called globally spacelike (resp. timelike) Osserman. Also, the notions of pointwise (global) null Osserman condition are well-defined. But, in this article we will not consider such manifolds. In the higher signature setting, unlike in the Riemannian setting, the eigenvalue structure of a symmetric endomorphism does not determine the conjugacy class, but its Jordan normal form. We say that (M, g) is spacelike pointwise Jordan-Osserman (resp. timelike pointwise Jordan-Osserman) if the Jordan normal form of R_X is independent on X ∈ S^+_p M (resp. on S^−_p M). Similarly, we define globally spacelike (timelike) Jordan-Osserman manifolds.

2.2. Algebraic curvature tensor

An algebraic curvature tensor R in a pseudo-Euclidean space V ∼= R^m of signature (p, q) is a (3, 1) tensor having the same symmetries as the curvature tensor of a Riemannian manifold, R(X, Y ) + R(Y, X) = 0,

R(X, Y )Z + R(Y, Z)X + R(Z, X)Y = 0, (1)

g(R(X, Y )Z, W ) = g(R(Z, W )X, Y ).

One says R is an Osserman algebraic curvature tensor if the associated Jacobi operator has characteristic polynomial constant on the unit pseudospheres S^+_p M and S^−_p M. Similarly, R is a spacelike (timelike) Jordan- Osserman algebraic curvature tensor if the associated Jacobi operator has Jordan normal form constant on the unit pseudosphere S^+_p M (S^−_p M).

Remark 1. Using the theory of normal coordinates Gilkey (see [25]) showed that any algebraic curvature tensor is geometrically realizable. More precisely, he showed that for any algebraic curvature tensor R on V , there exists a pseudo-Riemannian manifold (M, g), a point P ∈ M, an isometry Ψ : T_P M −→ V such that for all tangent vector fields X, Y, Z, W ∈ T_P M holds R(ΨX, ΨY, ΨZ, ΨW ) =^gR(X, Y, Z, W ), where^gR is the curvature tensor of (M, g).

Example 1. The simplest examples of Osserman algebraic curvature tensors are:

(i1) The curvature tensor R^c of a metric of constant sectional curvature is given up to scale by

R^c(X, Y )Z = R^c(X, Y, Z) = g(X, Z)Y − g(Y, Z)X . (2)

(i2) The curvature tensor of the Fubini-Study metrics on CP(m/2) is given (up to scale) by R = R^c + R^I where

R^I (X, Y, Z) = g(Y, IZ)IX − g(X, IZ)Y − 2 g(X, IY )Z , (3)

and where I is an almost complex structure making g Hermitian.

Example 2. An algebraic curvature tensor R in R^m has a Cliff(ν)-structure (ν ≥ 0), if there exist anticommuting skew-symmetric orthogonal operators I_1, . . . , I_ν , and the numbers λ_0, λ_1, . . . λ_ν , with λ_i ≠ λ_j (i ≠ j), such that

R = λ_0 + 1 3 ν∑ i=1 (λ_i − λ_0) R^{Ii} (4)

The fact that skew-symmetric operators I_i are orthogonal and anticommute is equivalent to each of the following sets of equations:

g(I_iX, I_j X) = δ_{ij} g(X, X) and I_iI_j + I_jI_i = −2δ_{ij} Id

for all i, j = 1, . . . , ν and all X ∈ R^m. For any unit vector X, the Jacobi operator R_X has constant eigenvalues λ_0, λ_1, . . . , λ_ν . The eigenspace corresponding to the eigenvalue λ_i, i ≠ 0, is E_{λi} (X) = span_{j:λj =λi} (I_iX), and the

λ_0-eigenspace is E_{λ0} (X) = (span(X, I_1X, . . . , I_ν X))^⊥, provided ν < m − 1.

A Riemannian manifold M has a Cliff(ν)-structure if its curvature tensor at every point does.

Osserman algebraic curvature tensors with Clifford structure were introduced by Gilkey [25], and Gilkey, Swann and Vanhecke [26]. They showed that a Cliff (ν) algebraic curvature tensor (manifold) is Osserman (pointwise Osserman, respectively). Since the curvature tensor of the Cayley projective plane (or its hyperbolic dual) doesn’t allow any Clifford structure, there exists at least one Osserman algebraic curvature tensor having no Clifford structure, [30].

One of the most natural approaches to the study of Osserman type problems was suggested in [26]. It has two steps:

(1) classifying the Osserman (Jordan-Osserman) algebraic curvature tensors,

(2) finding those Osserman (Jordan-Osserman) algebraic curvature tensors which can be realized as the curvature tensors of a pseudo-Rie-mannian manifold.

The standard tool for (2) is the second Bianchi identity. The difficult part is (1), but thanks to the remarkable construction of [25, 26], the right candidate for (1) is given in Example 2.

Let Φ be a linear map of a pseudo-Euclidean vector space V of signature (p, q) and dimension m = p + q. If Φ^∗ = ± Φ we define

R_Φ(X, Y )Z = { g(ΨY, Z)ΦX −g(ΨZ, Z)ΦY if Ψ = Ψ^∗, g(ΨY, Z)ΦX −g(ΨZ, Z)ΦY −2g(ΨX, Y )ΦZ if Ψ = −Ψ^∗.

Let C(V ) the space of algebraic curvature tensors on V and let S(V ) = span{R_Φ | Φ^∗ = Φ} ⊆ C(V ), A(V ) = span{R_Φ | Φ^∗ = −Φ} ⊆ C(V ).

Using representation theory Fiedler in [18] proved C(V ) = S(V ) + A(V ).

Set of algebraic curvature tensors on V is completely described in Theorem 2.1 ([27]) C(V ) = S(V ) = A(V ).

2.3. k-stein manifolds Following Carpenter, Gray and Wilmore [15], a pseudo-Riemannian manifold (M, g) is called k-stein at a point p ∈ M if there exist constants C_t for every 1 ≤ t ≤ k such that Tr(K^t_X ) = (ε_X )^tC_t (5) holds for each X ∈ S_pM. Pseudo-Riemannian manifold (M, g) is k-stein if it is k-stein in each point p ∈ M.

Now, we give some basic results on k-stein manifolds, for details see [27]. Theorem 2.2 (a) Let (M, g) be a pseudo-Riemannian manifold of signature (p, q). Then the following statements are equivalent.

(i1) If p ≥ 1 then M is timelike Osserman at p ∈ M. (i2) If p ≤ dim M − 1 then M is spacelike Osserman at p ∈ M. (i3) M is k-tein at p ∈ M for every k.

(b) Pseudo-Riemannian manifold (M, g) of dimension m ≥ 3 is k-stein at a point p ∈ M if relation (5) holds for every X ∈ T_pM.

(c) Pseudo-Riemannian manifold (M, g) of signature (p, q) is Einstein manifold iff it is 1−stein.

3. Riemannian case

Since the eigenspaces of Jacobi operators on Osserman manifolds form a distributions on unit sphere bundle SM, the following theorem become essential tool in Riemannian settings.

Theorem 3.1 (see [1, 4]) For a integer m = 2^rm_0 with m_0 odd number, we define the Adams number ν(r) by ν(i) = 2^i − 1, for i = 0, 1, 2, 3, and ν(i + 4) = ν(i) + 8.

(a) SM admits a q−dimensional distribution for 2q ≤ m − 1 iff q ≤ ν(r).

(b) R^m admits a Cliff(ν)-module structure iff ν ≤ ν(r).

Let us remark that above theorem gives topological restrictions on the number of distributions of small dimension on SM. Using this theorem, Chi at the end of eighties showed the following theorem.

Theorem 3.2 ([12, 13, 14]) Let M be a m-dimensional Riemannian manifold. Osserman conjecture holds in the following cases

(a) m ≡ 1 mod 2, (b) m ≡ 2 mod 4, (c) m = 4,

(d) m = 4n, n = 2, 3, . . . and M is simple connected compact quaternionic Kähler manifold with vanishing second Betti number,

(e) M is Kähler manifold of negative or positive sectional curvature.

The proofs of (a), (b) are direct consequences of Theorem 3.1 (a). In the case (a) such manifolds allow only trivial distributions on SM, and the Jacobi operator R_X has at most two eigenvalues: 0 of multiplicity 1 and λ_0 of multiplicity m − 1 (for the eigenvalue structure of R_X we will use the following notations [(0, 1), (λ_0, m − 1)]). This eigenvalue structure implies that curvature tensor of M is given up to scale by (2), i.e. M has constant sectional curvature. In the case (b) the eigenvalue structure of R_X is [(0, 1), (λ_1 , 1), (λ_0, m − 2)] and this eigenvalue structure implies that curvature of M is given up to scale by (3), i.e. the curvature tensor of M is curvature tensor of the Fubini-Study metrics on CP(m/2) and consequently M has either constant sectional curvature or is covered by a standard projective space or its noncompact dual. In the proof of (b) and (c) Chi showed the following property for extremal eigenvalues of Jacobi operator: if X and Y are unit vectors then

R_X Y = λY if and only if R_Y X = λX. (6)

This property of algebraic curvature tensors is known as Rakić duality, and it is proved in [36] for any eigenvalue of pointwise Riemannian manifold.

In 1999, Dotti and Druetta [16] showed that Osserman conjecture holds for non flat homogeneous manifold of nonpositive curvature.

Using the remarkable construction given in [25, 26], duality principle and some other results, Nikolayevsky proved in almost all cases that Osserman condition implies existence of Clifford structure on M, i.e., he proved Osserman conjecture in almost all cases (2003 – 2007). More precisely, he proved the following theorem.

Theorem 3.3 ([30, 31, 32]) Let M^m be a Riemannian globally Osserman manifold of dimension m ≥ 2, or a pointwise Osserman manifold of dimension m ≠ 2, 4. Then M^m is flat or locally rank-one symmetric except, possibly, in the following case: m = 16 and the Jacobi operator has an eigenvalue of multiplicity 7 or 8.

Remark 2. Previous theorem shows that there is no too big difference between globally and pointwise Osserman conditions, except in dimension 2, where any Riemannian manifold is pointwise Osserman, and in dimension 4, where exist pointwise Osserman manifolds that are not symmetric (generalized complex space forms, see [26, Corollary 2.7]).

Nikolayevsky in [32] announce the following theorem.

Theorem 3.4 A pointwise Osserman manifold of dimension 16 whose Jacobi operator has two eigenvalues, of multiplicity 7 and 8, respectively, is locally isometric to the Cayley projective plane or to its hyperbolic dual.

4. Non-Riemannian case

4.1. Algebraic curvature tensors

Here we will start with well-known facts about relation between the introduced notions in the Section 2.

Theorem 4.1 (a) [22] Let (M, g) be a pseudo-Riemannian manifold and p ∈ M. Then (M, g) is timelike Osserman at p iff (M, g) is spacelike Osserman at p.

(b) [28, 27] Let R be a spacelike Jordan-Osserman algebraic curvature tensor on the vector space T_pM of signature (p, q), where p < q. Then R_X is diagonalizable for any X ∈ S^+_p M.

(c) [27] Let J be an arbitrary linear map of a vector space V of dimension m. There exists l = l(m) and an algebraic curvature tensor R on R^{(2l,2l)} so that R_X is conjugate to ± J⊕ if X ∈ S^±V .

Remark 3. It is clear from Theorem 4.1 (a) that the notions pointwise spacelike Osserman and pointwise timelike Osserman are equivalent, and if (M, g) is either of them, then (M, g) is said to be Osserman. The same is true for globally spacelike and timelike Osserman manifolds. Since Jordan normal form of a linear map determines its eigenvalue structure, the pointwise spacelike or timelike Jordan-Osserman manifolds are Osserman manifolds, too. The converse is not true, in [27] one can find examples of spacelike (or timelike) Osserman algebraic curvature tensors which are not timelike (or spacelike) Jordan-Osserman algebraic curvature tensor. Moreover, there exist examples of spacelike Jordan-Osserman algebraic curvature tensors which are not timelike Jordan-Osserman algebraic curvature tensors and vice versa. It means that notions of timelike and spacelike pointwise (and consequently globally) Jordan-Osserman manifolds aren’t equivalent. Remark 4. The (b) statement of the previous theorem shows that Jacobi operator R_X (X ∈ S^±M) of a spacelike (timelike) Jordan-Osserman manifold of signature (p, q), p < q (p > q) must be diagonalizable, i.e. in the case of non-neutral metrics notions of pointwise spacelike or timelike Jordan- Osserman manifolds coincide with the notion of Osserman manifold (see Remark 3.). In the case of Osserman manifolds in neutral signature (p, p) those notions are not the same and the Jordan normal form of corresponding Jacobi operator should be arbitrarily complicated as Theorem 4.1 (c) shows.

Motivated by the results of previous theorem as well as the usefulness of the duality principle in the Riemannian settings, recently in [2] the notion of duality principle is extended to the pseudo-Riemannian manifolds. More precisely, we introduce the following definition:

Let R be an Osserman algebraic curvature tensor. For λ ∈ R we say that it satisfies the duality principle if for all mutually orthogonal unit vectors X , Y holds

R_X (Y ) = ε_X λ Y =⇒ R_Y (X) = ε_Y λ X . (7)

If the duality principle holds for all λ ∈ R then we say that duality principle holds for the algebraic curvature tensor R (or for the pseudo-Riemannian Osserman manifold (M, g) whose curvature tensor is R). For pointwise spacelike (or timelike) Jordan-Osserman manifold with diagonalizable Jacobi operator (so called diagonalizable Osserman manifolds), in [2] the following theorem was proved

Theorem 4.2. Let (M, g) be a diagonalizable Osserman manifold.

(a) If the duality principle holds for λ ∈ R then implication (7) holds for all X, Y ∈ T_pM with ε_X ≠ 0.

(b) If all eigenvalues of R_X (X ∈ S^±M) are different then the duality principle holds in M.

(c) If for every X ∈ S_pM doesn’t exist null eigenvector of R_X , then the duality principle holds in M. Specially, if M is Riemannian manifold the duality principle holds.

4.2. Lorentzian case

Let M be a Lorentzian manifold (of signature (1, m − 1)) the answer to the Osserman conjecture is the most simple by some miracle on the pointwise level. The first results on timelike (spacelike) Osserman manifolds were obtained by Garcia-Rio, Kupeli and Vazquez-Abal. They showed that Osserman conjecture holds for timelike Osserman manifolds and if dim M = 3, 4, [20, 21, 23]. Let us mention here that equivalence of spacelike and timelike pointwise Osserman condition was established later in [22]. The complete positive answer is given by N. Blažić, N. Bokan and P. B. Gilkey in [6]. More precisely, they proved the following theorem.

Theorem 4.3 ([6]) Let M be a spacelike or timelike pointwise Osserman manifold then M is flat or locally rank-one space.

The proof follows from the fact that spacelike (or timelike) pointwise Osserman condition implies that curvature tensor of M is given by (2). It means that sectional curvature K(σ) of an arbitrary 2-plane σ ⊂ T_pM depends of p ∈ M, and then by Schur type theorem (which holds in Lorentzian setting) implies that M is the space of constant sectional curvature.

4.3. 4-dimensional neutral Jordan-Osserman manifolds Let M be a pointwise Jordan-Osserman manifold of signature (p, q) where r = min{p, q} ≥ 2. In this settings the most followed approach is that one proposed in [26]. The problem with this approach lies in the fact that the space of symmetric operators in pseudo-Euclidean space of signature (p, q) is very complicated if r > 2. In the case of non-neutral pointwise spacelike (timelike) Osserman manifolds, Theorem 4.1 (b) reduces problem to the diagonalizable case. But in the case of neutral signature (p, p) the situation is very complicated at the algebraic level, as a consequence of Theorem 4.1 (c). The only case which is considered in details is the case of 4-dimensional neutral spacelike (timelike) Osserman manifold. It turns out that geometry of such manifolds is very rich (more then in other non-neutral cases) and it is studied by many authors, see [23], [27], [7], [3], [10], [17], etc. So, in this subsection we deal with 4−dimensional neutral Jordan-Osserman manifolds (M, g). In T_pM there exists an orthonormal basis (E_1, E_2, E_3, E_4) of T_pM where E_1, and E_2 are timelike and E_3, and E_4 are spacelike vectors, such that all non-vanishing components of its algebraic curvature tensor with respect to this basis are (see [3], [9], [7]): (Ia) R^′_X is diagonalizable,

R_{1221} = R_{3443} = α , R_{1331} = R_{2442} = −β , R_{1441} = R_{3223} = −γ ,

R_{1234} =

−2 α + β + γ 3 , R_{1423} = α + β − 2 γ 3 , R_{1342} = α − 2 β + γ 3 . (Ib) R^′_X has a complex root,

R_{1221} = R_{3443} = α , R_{1331} = R_{2442} = −α , R_{1441} = R_{3223} = −γ , R_{2113} = R_{2443} = −β , R_{1224} = R_{1334} = β ,

R_{1234} =

−α + γ 3 , R_{1423} =

2 α − 2 γ 3 , R_{1342} =

−α + γ 3 . (II) the characteristic polynomial of R^′_X has a double root α,

R_{1221} = R_{3443} = −α + 1 2 , R_{1331} = R_{2442} = α + 1 2 , R_{1441} = R_{3223} = −β, −R_{2113} = −R_{2443} = R_{1224} = R_{1334} = 1 2 , R_{1234} = α −^3_2 + β 3 , R_{1423} =

−2 α − 2 β 3 , R_{1342} = α +^3_2 + β 3 .

(III) the characteristic polynomial of R^′_X has a triple root α, −R_{2112} = R_{1331} = R_{1441} = R_{2332} = R_{2442} = −R_{3443} = −α

R_{2114} = R_{2334} = R_{3224} = R_{1442} = − √ 2 2 , R_{3114} = R_{1223} = R_{1443} = R_{1332} = √ 2 2 . Theorem 4.4 ([7]) Let M be a 4-dimensional pseudo-Riemannian Osserman manifold of signature (2, 2).

(a) If M is of type (Ia) then universal covering space M̃ of M is one of the following manifolds (i1) M̃ is a manifold of constant sectional curvature. (i2) M̃ is a Kähler manifold of constant holomorphic sectional curvature.

(i3) M̃ is a para-Kähler manifold of constant para-holomorphic sectional curvature.

(b) M cannot be of type (Ib).

(c) if M is of types (II) (with β = 4 α ) and (III) its curvature is locally given by above formulas.

In this signature (in [7]), using Wu’s construction (see [39]), it was proved the existence of globally Osserman manifolds which are locally symmetric spaces of rank two, and consequently Osserman conjecture doesn’t hold (see Example 3. below). Later it was shown (see[23]) that the Jacobi operators of a locally symmetric four-dimensional Osserman metric are either diagonalizable or two-step nilpotent. Manifolds with non-diagonalizable Jacobi operator have very rich geometry, for example in this class one can find also some recurrent space, harmonic space and etc.

Example 3. Let M = R^4, (u_1, u_2, u_3, u_4) be the Descartes coordinates. (i1) ([35]) g = 1 6 (u^2du_1 ⊗ du_1 + u^2_1du_2 ⊗ du_2 − u_1u_2[du_1 ⊗ du_2 + du_2 ⊗ du_1]) − 1 2 ([du_1 ⊗ du_4 + du_4 ⊗ du_1 + du_2 ⊗ du_3 + du_3 ⊗ du_2]).

Then (R^4, g) is the timelike Osserman rank two symmetric space of type (II), the characteristic polynomial of R_X for unit timelike X is λ^4 and its characteristic polynomial is λ^2. (i2) ([23]) g_{(f1 ,f2)} = u_3f(u_1, u_2)du_1 ⊗ du_1 + u_4f_2(u_1, u_2)du_2 ⊗ du_2 + a[du_1 ⊗ du_2 + du_2 ⊗ du_1] + b[du_1 ⊗ du_3 + du_3 ⊗ du_1 + du_2 ⊗ du_4 + du_4 ⊗ du_2], where ∂f_1/∂u_2 +∂f_2/∂/∂u_1 = 0. Then, the characteristic polynomial of the Jacobi operator of (M, g_{(f1 ,f2)}) is p_λ(R_X ) = λ^4, i.e., it is independent of the nonnull vector X, but with different minimal polynomials m_λ(R_X ) = λ^2 or m_λ(R_X ) = λ^3. Also, there are examples when the minimal polynomials change degree from point to point. Functions f_1 and f_2 can be additionally chosen so that (M, g_{(f1 ,f2)}) is not locally symmetric.

Let us note that all previous examples are examples of Ricci flat manifolds. Recently in [17], it was find examples of Jordan-Osserman (2, 2) manifolds which are not Ricci-flat.

Example 4. Let M = R^4 with usual coordinates (u_1, u_2, u_3, u_4). For any arbitrary real valued function f(u_4), define a metric by

g = du_1 ⊗ du_3 + du_3 ⊗ du_1 + du_2 ⊗ du_4 + du_4 ⊗ du_2 + ( 4 k u^2_1 − 1 4k f(u_4)^2 ) du_3 ⊗ du_3 + 4 k u^2 du_4 ⊗ du_4 + ( 4 k u_1u_2 + u_2f(x_4) − 1 4k f^′(u_4) ) (du_3 ⊗ du_4 + du_4 ⊗ du_3),

where k is a nonzero constant. In [17] was shown that (M, g) is Osserman of type (II) with α = k and β = 4 k, on the open set where

24 k f(u_4)f^′(u_4) u_2 − 12 k f^{′′}(u_4) u_1 + 3 f(u_4)f^{′′}(u_4) + 4 f^′(u_4)^2 ≠ 0, (8) and it is diagonalizable Osserman (type (Ia)) with eigenvalue structure [(0, 1), (k, 2), (4k, 1)] if equality in (8) holds. This means that in the case of manifold (R^4, g) its Jacobi operator changes its Jordan normal form and thus it is Osserman but not Jordan-Osserman.

As we mention before, geometry of (2, 2) Osserman manifold is very rich and here we will emphasize a few interesting characterizations. We start with a characterization of pointwise (2, 2) Osserman manifolds which is generalization of the same fact in Riemannian case.

Theorem 4.4 ([26, 3]) Let M be a four dimensional Riemannian or neutral manifold then the following statements are equivalent: (a) M is pointwise Osserman manifold.

(b) There is a choice of orientation such that M is Einstein and self-dual or anti-self dual.

In the next theorem we give a characterization of four dimensional Kähler (2, 2) neutral Osserman manifolds.

Theorem 4.5 ([24]) A four-dimensional Kähler metric of signature (2, 2) is pointwise Osserman if and only if it is an indefinite complex space form or a Ricci flat Kähler surface. Moreover, the Jacobi operators of a Jordan- Osserman four-dimensional Kähler metric which is not of constant holomorphic sectional curvature are nilpotent of degree two or three.

We will finish this overview of (2, 2) Osserman manifolds with new very interesting fact.

Theorem 4.6 ([2]) The duality principle holds for every 4-dimensional Osserman manifold.

References

[1] J. Adams, Vector fields on spheres, Annals of Math 75, (1962), 603 – 632.

[2] V. Andrejić and Z. Rakić, On the duality principle in pseudo-Riemannian Osserman manifolds, preprint, (2007), 13 pages.

[3] D. M Alekseevsky, N. Blažić, N. Bokan and Z. Rakić, Selfdual pointwise Osserman Spaces, Arch. Math. Brno 35 (3), (1999), 193 – 201.

[4] M. F. Atiyah, R. Bott, and A. Shapiro, Clifford modules, Topology 3, (1964), suppl. 1, 3 – 38.

[5] M. Baros and A. Romero, Indefinite Kähler manifolds, Math. Ann. 261, (1982), 55 – 62.

[6] N. Blažić, N. Bokan and P. Gilkey, A Note on Osserman Lorentzian manifolds, Bull. London Math Soc. 29, (1997), 227 – 230.

[7] N. Blažić, N. Bokan and Z. Rakić, Osserman pseudo-Riemannian manifolds of signature (2,2), J. Aust. Math. Soc. 71 (2001), 367 – 395.

[8] N. Blažić, N. Bokan and Z. Rakić, Foliation of dynamically homogeneous neutral manifold, J. Math. Phys. 39(11), (1998), 6118 – 6124.

[9] N. Blažić, N. Bokan and Z. Rakić, A note on Osserman conjecture and isotropic covariant derivative of curvature, Proc. Amer. Math. Soc. 128, (2000), 245 – 253.

[10] N. Blažić, S. Vukmirović, Examples of self-dual, Einstein metrics of (2,2 signature, Math. Scan. 94, No. 1, (2004), 63 – 74.

[11] A. Bonome, R. Castro, E. Garcia-Rio, L. Hervella, R. Vazquez-Lorenzo, Nonsymmetric Osserman Indefinite Kahler Manifolds, Proc. Amer. Math. Soc. 126, No. 9, (1998), 2763 – 2769.

[12] Q. S. Chi, A curvature characterization of certain locally rank-one symmetric spaces, J. Diff. Geom. 28, (1988), 187 – 202.

[13] Q. S. Chi, Curvature characterization and classification of rank-one symmetric spaces, Pac. J. Math. 150 (1), (1991), 31 – 42.

[14] Q. S. Chi, Quaternionic Kähler manifolds and a curvature characterization of two-point homogeneous spaces, Illinois J. Math. 35 (3), (1991), 408 – 419.

[15] P. Carpenter, A. Gray and T. J. Willmore, The curvature of Einstein symmetric spaces, Q. J. Math. Oxford 33 (1982), 45 – 64

[16] I. Dotti and M. J. Druetta, Negatively curved homogeneous Osserman spaces, Diff. Geom. Appl. 11, (1999), 163 – 178.

[17] J. C. Diaz-Ramos, E. Garcia-Rio, R. Vázquez-Lorenzo, New examples of Osserman metrics with nondiagonalizable Jacobi operator, Diff. Geom. Appl., 24, No 4., (2006), 433 – 442.

[18] B. Fiedler, Determination of the Structure of Algebraic Curvature Tensors by Means of Young Symmetrizers, Séminaire Lotharingien de Combinatoire, 48, (2003), Article B48d.

[19] P. M. Gadea, J. M. Masqué, Classification of non-flat para-Kählerian space forms, Houston J. Math. 21, No. 1, (1995), 89 – 94.

[20] E. Garcia-Rio, and D. N. Kupeli, 4 Dimensional Osserman Lorentzian manifolds, New developments in differential geometry. Proceedings of the colloquium on differential geometry, Debrecen, Hungary, July 26 – 30, 1996, Kluwer Academic Publishers 350, 201 – 211.

[21] E. Garcia-Rio, D N. Kupeli and M. E. Vázquez-Abal, On a problem of Osserman in Lorentzian geometry, Diff. Geom. Appl. 7, (1997), 85 – 100.

[22] E. Garcia-Rio, D N. Kupeli, M. E. Vázquez-Abal and R. Vázquez-Lorenzo, Osserman affine connection and Riemannian extensions, Diff. Geom. Appl. 11, (1999), 145 – 153.

[23] E. Garcia-Rio, D. N. Kupeli, R. Vázquez-Lorenzo, Osserman manifolds in semi-Riemannian geometry, Lect. Notes Math. 1777, Springer-Verlag, Berlin, Heidelberg, New York, 2002.

[24] E. Garcia-Rio, Z. Rakić and M. E. Vázquez-Abal, Four-dimensional indefinite Kähler Osserman manifolds, J. Math. Phys. 46 (1), (2005), 073505-1 – 073505- 11. [25] P. B. Gilkey, Manifolds whose curvature operator has constant eigenvalues at the basepoint, J. Geom. Anal. 4 (1994), 155 – 158.

[26] P. Gilkey, A. Swann, L. Vanhecke, Isoparametric geodesic spheres and a conjecture of Osserman concerning the Jacobi operator, Quart. J. Math. Oxford Ser. (2) 46 (1995), 299 – 320.

[27] P. B. Gilkey, Geometric Properties of Natural Operators Defined by the Riemannian Curvature Tensor, World Scientific Publishing Co., Inc., River Edge, NJ, 2001.

[28] P. B. Gilkey, R. Ivanova, Spacelike Jordan-Osserman algebraic curvature tensors in the higher signature setting,Proceedings of the International Conference Differential Geometry, July 8 – 14, 2001, Valencia, World Scientific Publishing Co., (2002), 179 – 186.

[29] A. I. Malcev, Foundations of linear algebra, Russian edition, Nauka Moscow, 1975, (Russian).

[30] Y. Nikolayevsky, Osserman manifolds of dimension 8, Manuscripta Math. 115 (2004), 31 – 53.

[31] Y. Nikolayevsky, Osserman conjecture in dimension ≠ 8, 16, Math. Ann. 331 (2005), 505 – 522.

[32] Y. Nikolayevsky, On Osserman manifolds in dimension 16, Proc. Conference Contemporary, Geometry and Related Topics, June 26 – July 2, 2005, Belgrade, Matematički fakultet Beograd (2006), 379 – 398.

[33] R. Osserman, Curvature in the eighties, Amer. Math. Monthly 97 (1990), 731 – 756.

[34] R. Osserman, P. Sarnak, A new curvature ivariant and entropy of geodesic flows, Invent. Math. 77 (1984), 455 – 462.

[35] Z. Rakić, An example of rank two symmetric Osserman space, Bull. Austral.

Math. Soc. 56 (1997), 517 – 521.

[36] Z. Rakić, On duality principle in Osserman manifolds, Lin. Alg. Appl. 296 (1999), 183 – 189.

[37] A. G. Walker, Canonical form for a Riemannian space with a parallel field of null planes, Quart. J. Math. 2 (1), 1950, 69 – 79.

[38] J. A. Wolf, Spaces of constant curvature, Univ. California, Berkeley, 1972.

[39] H. Wu, Holonomy groups of indefinite metrics, Pac. J. Math. 20 (2), (1967), 351 – 392.