Deformed Gauge Theories^∗

Marija Dimitrijević^† University of Belgrade, Faculty of Physics, Studentski trg 12-16, 11000 Beograd, SERBIA

Abstract

In this lecture we discuss two possible ways of introducing gauge theories on noncommutative spaces. In the first approach the algebra of gauge transformations is unchanged, but the Leibniz rule changes (compared with gauge theories on commutative space). Consistency of equations of motion forces gauge field to be enveloping algebra-valued, which leads to new degrees of freedom. In the second approach we have to go to the enveloping algebra again if we want noncommutative gauge transformations to close in the algebra. However, no new degrees of freedom appear here because of the Seiberg-Witten map. This map enables one to express noncommutative gauge parameter and fields in terms of the corresponding commutative variables.

1. Introduction The concept of symmetry is very important in physics. Classically, symmetries are described by Lie groups or Lie algebras and the physical space is the representation space of the symmetry algebra. Also, fundamental interactions (electromagnetic, strong,. . . ) are described in terms of theories which are invariant under local transformations. The question arises if one can generalize this notions to noncommutative (deformed) spaces as well.

The concept of a noncommutative (NC) space first appeared^1 when people were discussing divergences in quantum field theory [3]. Our motivation for working with NC spaces comes from the fact that we do not know much about physics at very small scales (or at very high energies). Therefore, we can assume that in this situation coordinates do not commute anymore and we no longer have continuous space-time. Then we try to see what new physics this assumption might lead to. More about ”nowadays” motivation readers can find in various review articles [4].

In this lecture we introduce concept of gauge theories on NC spaces. We work with the simples example of NC spaces, the canonically deformed

∗ The talk given by the author is based on common work with Paolo Aschieri, Christian Blohmann, Frank Meyer, Stefan Schraml, Peter Schupp and Julius Wess [1].

† e-mail address: dmarija@phy.bg.ac.yu 1 For a detailed review of history of noncommutative spaces see [2]. 167 space. In Section 2 some basic properties of this space are described. In Sections 3 and 4 we present two different ways to introduce gauge theory on the canonically deformed space and we try to compare them. In Section 3 twisted gauge theory is discussed, while Section 4 deals with Seiberg-Witten gauge theory.

2. Deformed spaces

The noncommutative space Â_{x̂} is the associative algebra, freely generated by x̂^μ coordinates and divided by the ideal generated by

[x̂^μ, x̂^ν ] = iΘ^{μν} (x̂), μ = 0, . . . n, (1)

where Θ^{μν} (x̂) is an arbitrary polynomial of coordinates [5]. The elements of this space are all possible polynomials in the coordinates x̂^μ. Before proceeding further, we clarify the notation we use. Coordinates x̂^μ generate the abstract algebra Â_{x̂}, while the operators ^∂_ρ, L̂_{αβ}, . . . are maps of the abstract algebra Â_{x̂} into itself. Variables without the hat symbol, like x^μ, ∂_ρ, . . . are usual commutative variables. Sometimes we use A_x to denote the space of commuting coordinates. The defining relation of the deformed space (1) is very general and one usually considers some special examples of it. Among them there are three very important ones

Canonically deformed [x̂^μ, x̂^ν ] = iθ^{μν} , (2)

Lie algebra deformed [x̂^μ, x̂^ν ] = iC^{μν}_λ x̂^λ, (3)

q-deformed x̂^μx̂^ν = 1 q R^{μν}_{ρσ}x̂^ρx̂^σ. (4)

In the case of canonically deformed spaces (which from now on we call θ-deformed spaces) [6], θ^{μν} = −θ^{νμ} is an antisymmetric constant matrix of mass dimension −2. For Lie algebra deformed spaces [7] C^{μν}_λ are Lie algebra structure constants of mass dimension −1. And finally, R^{μν}_{ρσ} is the dimensionless R-matrix of the quantum space [8]. This three examples fulfil the Poincaré-Birkoff-Witt (PBW) property.

The deformation quantization allows us to to describe the properties of a noncommutative space in a perturbative way, order by order in the deformation parameter. In the zeroth order the commutative space-time is obtained. The main idea of the deformation quantization is to represent a noncommutative space on the space of commuting coordinates. PBW property enables us to map an arbitrary element f̂(x̂) of Â_{x̂} to the space of commuting coordinates. To extend this vector space isomorphism to an algebra morphism one has to map the multiplication in the abstract algebra Â_{x̂} to the space of commuting coordinates

f̂ · ĝ(x̂) → f ⋆ g(x) ∈ A_x. (5)

The new product in A_x is noncommutative and we call it star product (⋆-product) of two functions. The algebra of noncommuting coordinates Â_{x̂} is then isomorphic to the algebra of commuting variables with the ⋆- product as multiplication. In the following we consider one special example of noncommutative spaces, the θ-deformed space.

2.1. θ-deformed space The abstract derivative ^∂_μ that is consistent with (2) fulfils

[ ^∂_ρ, x̂^μ] = δ^μ_ρ . (6)

One can check this consistency by applying the derivative to (2). That is, using (6) one calculates ^∂_ρ([x̂^μ, x̂^ν ] − iθ^{μν} ) = . . . = ([x̂^μ, x̂^ν ] − iθ^{μν} ) ^∂_ρ = 0.

Since no new commutation relations on coordinates arise we conclude that ^∂_ρ is a good derivative.

In the next step we represent this abstract space on the space of commuting coordinates. The ⋆-product is given by the Moyal-Weyl ⋆-product [9]

f ⋆ g (x) = lim_{x→y} e^{i2 θρσ ∂∂xρ ∂∂yσ} f(x)g(y) (7) = ∞∑ n=1 ( i 2 )_n 1 n! θ^{ρ1σ1} . . . θ^{ρnσn} ( ∂_{ρ1} . . . ∂_{ρn} f(x) )( ∂_{σ1} . . . ∂_{σn} g(x) ) . It is convenient to introduce here the inverse of the ⋆-product. Namely, the usual product of two functions f and g can be written in terms of the higher order differential operator X^⋆_f which is ⋆-multiplied with the function g

f · g (x) = f ⋆ g − i 2 θ^{ρσ}(∂_ρf) ⋆ (∂_σg) + . . . . = X^⋆_f ⋆ g. (8)

The differential operator X_f is given by

X^⋆_f = ∞∑ n=0 ( − i 2 )_n 1 n! θ^{ρ1σ1} . . . θ^{ρnσn} ( ∂_{ρ1} . . . ∂_{ρn} f(x) ) ⋆ ∂_{σ1} . . . ∂_{σn} . (9)

In order to represent the derivative ^∂_ρ we use the following scheme f̂(x̂) −→ f(x) ^∂ ↓ ↓ ∂^⋆ ⋆ (10) ( ^∂f̂)(x̂) −→ (∂^⋆ ⋆ f)(x).

Then the representation of ^∂_ρ on the space of commuting coordinates is given by the usual partial derivative

^∂_ρ → ∂^⋆_ρ = ∂_ρ (11)

and it has the undeformed Leibniz rule

(∂^⋆_ρ ⋆ (f ⋆ g)) = ∂_ρ(f ⋆ g) = (∂^⋆_ρ ⋆ f) ⋆ g + f ⋆ (∂^⋆_ρ ⋆ g) = (∂_ρf) ⋆ g + f ⋆ (∂_ρg). (12)

Finally, to be able to write down actions we have to introduce an integral on this space. A possible definition is ∫ f = ∫ d^4x f. (13)

This integral is cyclic ∫ d^4x f ⋆ g = ∫ d^4x g ⋆ f = ∫ d^4x f · g. (14)

From (14) it follows ∫ d^{n+1}x (f_1 ⋆ f_2 ⋆ . . . ⋆ f_k) = ∫ d^{n+1}x (f_k ⋆ f_1 ⋆ . . . ⋆ f_{k−1}), (15)

that is cyclic permutations under the integral are allowed. This is important if we want to define the variational principle. Namely, we can always bring the function to be varied to one side of the product under the integral and then vary it δ δg(x) ∫ d^{n+1}x f ⋆ g ⋆ h = δ δg(x) ∫ d^{n+1}x g(h ⋆ f) = h ⋆ f. (16)

3. Twisted gauge theory Before we start with NC gauge theories^2 we review shortly the gauge theory on commutative space, which we call the undeformed gauge theory. A NC gauge theory we also call deformed gauge theory.

Gauge theories are based on a gauge group. This is a compact Lie group with generators T^a [T^a, T^b] = if^{abc}T^c. (17) Infinitesimal transformation of the matter field ψ is given by

δ_αψ(x) = iα(x)ψ(x), (18)

2 Note that NC gauge theory stands for gauge theory on NC spaces and has nothing to do with the choice of the gauge group.

where α(x) = α^a(x)T^a is a Lie algebra-valued gauge parameter. Transformations (18) close in the algebra δ_αδ_β − δ_βδ_α = δ_{−i[α,β]}. (19) The Leibniz rule is given by δ_α(ϕ · ψ) = (δ_αϕ) · ψ + ϕ · (δ_αψ). (20)

3.1. Gauge transformations The deformed gauge transformations [1], [10] are defined as follows: δ^⋆_αψ = iX^⋆_α ⋆ ψ = iX^⋆_αa ⋆ T^aψ = iα · ψ, (21) where X^⋆ operator was introduced in (9). From the fact that X^⋆_f ⋆ X^⋆_g = X^⋆_{f·g} we conclude that this transformations close in the algebra (19)

[δ^⋆_α, δ^⋆_β ]ψ = −iδ^⋆_{[α,β]}ψ. (22)

Now we have to learn how products of fields transform. We start with defining the transformation law of ⋆-product of two fields like in the commutative case δ^⋆_α(ϕ ⋆ ψ) = iX^⋆_αa ⋆ {T^a_ϕ ϕ ⋆ ψ + ϕ ⋆ T^a_ψ ψ} = iα^a · {T^a_ϕ ϕ ⋆ ψ + ϕ ⋆ T^a_ψ ψ}. (23)

Generators T^a_ϕ and T^a_ψ are generators of the gauge group in the appropriate representation and in the last line the definition of X^⋆_f given in (9) was used.

If we now take the usual Leibniz rule (20) and just insert ⋆s everywhere we obtain δ^⋆_α(ϕ ⋆ ψ) = (δ^⋆_αϕ) ⋆ ψ + ϕ ⋆ (δ^⋆_αψ) = i(α^aT^a_ϕ ϕ) ⋆ ψ + iϕ ⋆ (α^aT^a_ψ ψ). (24)

Clearly, RHS of (23) and (24) are not equal because the ⋆-product (7) is not commutative. Therefore we formulate our deformed Leibniz rule as follows δ^⋆_α(ϕ ⋆ ψ) = (δ^⋆_αϕ) ⋆ ψ + ϕ ⋆ (δ^⋆_αψ) + additional terms. (25) This additional terms are found by comparing RHSs of the demanded transformation law (23) and (24). Expanding the ⋆-products up to first order in the deformation parameter θ and arranging terms leads to

a.t. = 1 2 θ^{ρσ}α^a ( (T^a_ϕ ∂_ρϕ) · (∂_σ ψ) + ∂_ρϕ · (T^a_ψ ∂_σψ) ) + O(θ^2) = − i 2 θ^{ρσ}((δ^⋆_{∂ρα}ϕ) ⋆ (∂_σψ) + (∂_ρϕ) ⋆ (δ^⋆_{∂σ α}ψ)) + O(θ^2), which gives the following Leibniz rule

δ^⋆_α(ϕ ⋆ ψ) = (δ^⋆_αϕ) ⋆ ψ + ϕ ⋆ (δ^⋆_αψ) (26) − i 2 θ^{ρσ}((δ^⋆_{∂ρα}ϕ) ⋆ (∂_σ ψ) + (∂_ρϕ) ⋆ (δ^⋆_{∂σ α}ψ)) + O(θ^2).

One can continue like this to second and higher orders. The full result for the deformed Leibniz rule^3 is finally

δ^⋆_α(ϕ ⋆ ψ) = ∞∑ n=0 1 n! ( − i 2 )_n θ^{ρ1σ1} . . . θ^{ρnσn} ((δ_{∂ρ1 ...∂ρn α}ϕ) ⋆ (∂_{σ1} . . . ∂_{σn} ψ)

+ (∂_{ρ1} . . . ∂_{ρn} ϕ) ⋆ (δ_{∂σ1 ...∂σn α}ψ) ) . (27)

Note that the zeroth term in the sum is just (δ^⋆_αϕ) ⋆ ψ + ϕ ⋆ (δ^⋆_αψ). (28)

3.2. Field strength tensor Having found the Leibniz rule for δ^⋆_α transformations, we proceed like in the commutative case. First, covariant derivative is introduced as D_μψ = ∂_μψ − iA_μ ⋆ ψ, (29) δ^⋆_α(D_μψ) = iX^⋆_αa ⋆ T^a(D_μψ) = iα(D_μψ), (30) where A_μ is NC gauge field. Using (27) gives δ^⋆_αA_μ = ∂_μα + iX^⋆_αa ⋆ [T^a, A_μ] = ∂_μα + i[α, A_μ]. (31) From this transformation law it follows that A_μ can be taken to be Lie algebra valued.

However, introducing the field strength tensor F_{μν} as F_{μν} ⋆ ψ = i[D_μ^⋆, D_ν ]ψ (32) gives F_{μν} = ∂_μA_ν − ∂_ν A_μ − i[A_μ^⋆, A_ν ], δ^⋆_αF_{μν} = iX^⋆_αa ⋆ [T^a, F_{μν} ] = i[α, F_{μν} ]. (33) If we assume that A_μ = A^a_μT^a, that is A_μ is Lie algebra-valued, for F_{μν} we obtain

3 Using the Hopf algebra language, this deformed Leibniz rule comes from the deformed coproduct of δ^⋆_α transformations. Deformed coproduct is obtained by twisting the usual coproduct for the δα transformations [1], [10] and this is why we call this transformations twisted gauge transformations.

F_{μν} = F^a_{1μν} T^a + F^{ab}_{2μν} 1 2 {T^a, T^b} = F_{1μν} + F_{2μν} ,

F^a_{1μν} = ∂_μA^a_ν − ∂_ν A^a_μ + 1 2 f^{abc}{A^b_μ^⋆, A^c_ν }, (34)

F^{ab}_{2μν} = −i[A^a_μ^⋆, A^b_ν ],

so F_{μν} is enveloping algebra-valued. The good news is that each part transforms covariantly

δ^⋆_αF_{1μν} = iX^⋆_αa ⋆ [T^a, F_{1μν} ] = i[α, F_{1μν} ],

δ^⋆_αF_{2μν} = iX^⋆_αa ⋆ [T^a, F_{2μν} ] = i[α, F_{2μν} ].

(35)

If we want to stay in the Lie algebra we could take just F^a_{μν} part of the full F_{μν} and formulate the action with it only. Note that F^a_{μν} also has the good classical limit, that is when θ → 0 it reduces to commutative F_{μν} . One can include matter fields as well and formulate ”gauge + matter” action, calculate equations of motion (EOM), analyze their solutions and so on. Unfortunately, some problems arise in this procedure. To see clearly what is causing them we now analyze only the gauge part of the action.

3.3. Equations of motion Let us first write the action for the gauge field as

S_{gauge} = − 1 4 ∫ d^4x F^a_{1μν} ⋆ F^{μν a}_1 , (36)

that is taking only the Lie algebra-valued part of the full F_{μν} . Using the variational principle (16) gives

δS_{gauge} δA^a_ρ

= ∂_μF^{μρ a}_1 + 1 2 f^{abc}{A^b_μ^⋆, F^{μρ c}_1 } = 0. (37)

From the antisymmetry of F^a_{μν} it follows that ∂_ρ∂_μF^{μρ a} = 0 and this leads to ∂_ρ (1 2 f^{abc}{A^b_μ^⋆, F^{μρ c}_1 } ) = ∂_ρJ^{ρ a} = 0. (38)

This is nice, it looks like we obtain the conserved current J^{ρ a}. However, when we check its conservation explicitly using EOM (37) we obtain that it is not conserved! This signalizes that we are doing something wrong. It comes out that the problem arose when we took only the Lie algebra-valued part of F_{μν} and not the full F_{μν} . If we now try with the full F_{μν} , we obtain

S_{gauge} = − 1 4 ∫ d^4x Tr(F_{μν} ⋆ F^{μν} ) (39) and for the equations of motion

δS_{gauge} δ(A_ρ)_{AB}

= (∂_μF^{μρ})_{AB} − i([A_μ^⋆, F^{μρ}])_{AB} = 0, (40)

where A, B are matrix indices. Again, using the antisymmetry of F_{μν} , we obtain ∂_ρ ( i[A_μ^⋆, F^{μρ}] ) = ∂_ρJ^ρ = 0. (41)

This result we check using EOM (40) and Jacobi identity. In

∂_ρ[A_μ^⋆, F^{μρ}] = [∂_ρA_μ^⋆, F^{μρ}] + [A_μ^⋆, ∂_ρF^{μρ}] (42)

in the first term we replace ∂_ρA_μ by^1_2 (∂_ρA_μ − ∂_μA_ρ) because F_{μρ} is antisymmetric in μ and ρ. Then we express this term by F_{μρ} according to (33): 1 2 (∂_ρA_μ − ∂_μA_ρ) = i 2 F_{ρμ} + i 2 [A_ρ^⋆, A_μ]. (43)

The [F^{μρ} ⋆F_{μρ}] commutator vanishes and we are left with^i_2 [[A_ρ^⋆, A_μ]^⋆, F^{μρ}] for the first term in (42). For the second term in (42) we use EOM (40). Finally, all terms that are left add up to zero if we use the Jacobi identity, so J^ρ is conserved on EOM.

To conclude, the consistency of EOM forces us to go to the enveloping algebra and take F_{μν} in the form (33). Then there is no reason to assume that A_μ itself is Lie algebra-valued^4. Instead, we start with the enveloping algebra-valued gauge field

A_μ = A^a_μT^a + A^{ab}_μ 1 2 {T^a, T^b} + . . . . (44)

Looking at (44) we see that in this way we are introducing extra degrees of freedom via fields A^{ab}_μ , . . . . There will be infinitely many new fields, leading to problems again. One possible solution is to generate large masses for these fields via some kind of Higgs mechanism and in that way to make them unobservable for todays experiments. Nevertheless, this still remains an open question and needs to be analyzed in future.

Nevertheless, we obtained one important result and that is (41). Almost for free we got conserved current for the deformed symmetry. Note that in the case of deformed symmetry one cannot apply Nöther theorem (at least it is not clear how to do it).

4 Even if it would be Lie algebra-valued in the beginning, it would become enveloping algebra-valued trough its evolution (40).

4. Seiberg-Witten gauge theory In this section we describe the other approach to gauge theory on deformed spaces. The noncommutative gauge transformations are now defined as [11], [12], [13] δ_αψ = iΛ_α ⋆ ψ(x), (45) where Λ_α is the noncommutative gauge parameter and ψ is the noncommutative matter field. Note that Λ_α is a function and not a differential operator like in (21). Before proceeding to the standard construction of a covariant derivative one should check if this transformations close in the algebra (19). Explicit calculation gives

(δ_αδ_β − δ_β δ_α)ψ(x) = (Λ_α ⋆ Λ_β − Λ_β ⋆ Λ_α) ⋆ ψ = 1 2 ( [Λ^a_α^⋆, Λ^b_β]{T^a, T^b} + {Λ^a_α^⋆, Λ^b_β}[T^a, T^b] ) ⋆ ψ. (46)

If we take Λ_α = Λ^a_αT^a, that is a Lie algebra-valued gauge parameter, algebra will not close because of the first term in the last line of (46) (anticommutator of two generators is no longer in the Lie algebra of generators).

There are two ways of solving this problem. One is to consider only U(N) gauge theories and that one we will not follow here. The other one is to go to the enveloping algebra [11] approach and we continue analyzing this one.

4.1. Enveloping Algebra Approach To start with, we define the basis in the enveloping algebra (we choose symmetric ordering) : T^a : = T^a,

: T^aT^b : = 1 2 (T^aT^b + T^bT^a),

: T^{a1} . . . T^{al} : = 1 l! ∑ σ∈S_l

(T^{σ(a1 )} . . . T^{σ(al )}).

Gauge parameter Λ_α is said to be enveloping algebra-valued

Λ_α(x) = ∞∑ l=1 ∑ basis

α^{a1...al} l (x) : T^{a1} . . . T^{al}

= α^a(x) : T^a : + α^{a1a2}_2 (x) : T^{a1} T^{a2} : + . . . . (47)

In that case algebra (46) will close since we work in the enveloping algebra. Now one can proceed and define a covariant derivative D_μψ(x) = ∂_μψ(x) − iV_μ ⋆ ψ(x) by its transformation law

δ_α(D_μψ(x)) = iΛ_α ⋆ D_μψ(x). (48)

The noncommutative gauge field V_μ has to be enveloping algebra-valued as well

V_μ = ∞∑ l=1 ∑ basis

V^l_{μ a1...al} : T^{a1} . . . T^{al} : .

From all this it looks like we again obtain a theory with infinitely many degrees of freedom. Fortunately, in this approach there is a solution to this problem and it is given in terms of the Seiberg-Witten (SW) map [12].

4.2. Seiberg-Witten Map The basic idea of this map is to suppose that the noncommutative gauge parameter (field) can be expressed in terms of the commutative gauge parameter and field, for example Λ_α = Λ_α(x; α, A^0_μ). Then one uses (46) to calculate explicitly this dependence. Inserting Λ_α = Λ_α(x; α, A^0_μ) in (46) gives^5

(Λ_α ⋆ Λ_β − Λ_β ⋆ Λ_α) ⋆ ψ + i(δ_αΛ_β − δ_β Λ_α) ⋆ ψ = δ_{−i[α,β]}ψ. (49)

The equation (49) has to be solved perturbatively, therefore one has to expand the ⋆-product and also expand Λ_α in orders of the deformation parameter θ as

Λ_α = α + Λ^1_α + . . . + Λ^k_α + . . . .

Here α is just the gauge parameter of the undeformed (commutative) gauge theory. Then Λ^1_α is the solution of the unhomogeneous equation

δ^⋆_αΛ^1_β − δ^⋆_βΛ^1_α − i[α, Λ^1_β ] − i[Λ^1_α, β] − Λ^1_{−i[α,β]} = − 1 2 θ^{μν}{∂_μα, ∂_ν β}. (50)

The solution up to first order in θ is given by

Λ_α = α − 1 4 θ^{μν} {A^0_μ, ∂_ν α} + O(θ^2), (51)

where A^0_μ is the gauge field in the undeformed gauge theory. Note that this solution is not unique, one can always add solutions of the homogeneous equation to it [13].

Now one can solve the SW map for the matter field using (45) and (51). Matter field is also expanded in orders of θ as ψ = ψ^0 + ψ^1 + . . . and ψ^0 is the matter field in the undeformed gauge theory. The first order solution is given by

ψ = ψ^0 − 1 2 θ^{μν} A^0_μ(∂_ν ψ^0) + i 8 θ^{μν} [A^0_μ, A^0_ν ]ψ^0 + O(θ^2). (52)

5 One should notice that now δαΛ_β ≠ 0 because Λ_β depends on the commutative gauge field A^0_μ as well and δαA^0_μ = ∂μα − i[A^0_μ, α].

The same procedure works for the gauge field V_μ which transforms as follows

δ^⋆_αV_μ = ∂_μΛ_α + i[Λ_α^⋆, V_μ]. (53)

The solution up to first order in θ is

V_ρ = A^0_ρ + 1 4 θ^{μν} ( {F^0_{μρ}, A^0_ν } − {A^0_μ, ∂_ν A^0_ρ} ) + O(θ^2). (54)

Field strength tensor is calculated from

F_{μν} = ∂_μV_ν − ∂_ν V_μ − i[V_μ^⋆, V_ν ] (55)

= F^0_{μν} + 1 4 θ^{ρσ} ( 2{F^0_{ρμ}, F^0_{σν} } + {D^0_ρF^0_{μν} , A^0_σ} − {A^0_ρ, ∂_σF^0_{μν} } ) , where F^0_{μν} = ∂_μA^0_ν − ∂_ν A^0_μ − i[A^0_μ, A^0_ν ] is the field strength tensor in the undeformed gauge theory and D^0_ρF^0_{μν} = ∂_ρF^0_{μν} − i[A^0_ρ, F^0_{μν} ]

All this gives enough information to write down the action for the Seiberg- Witten gauge theory. This action can be expanded in orders of the deformation parameter and analysed perturbatively. One sees that no new fields appear (unlike in the ”twisted” approach), but only new interactions and the deformation parameter enters as a coupling constant. Also formulation of a NC Standard Model (SM) using this approach has been done in [14]. Then, since new interactions appear, some of the processes that are forbidden in commutative SM become allowed and can be analyzed [15]. Also, renormalization of these theories has been discussed in various ways [16]. To conclude, this approach enables us to analyze some properties of gauge theories on NC spaces in perturbative way, starting from the commutative gauge theory in the zeroth order. Unlike the ”twisted” approach, it does not lead to new fields, but only to new interactions. On the other hand, in the ”twisted” approach we know how to formulate deformed gauge symmetry in well defined mathematical language, that is in terms of Hopf algebras. This tells us that we have really changed the commutative gauge symmetry in well defined way. This is not the case with the SW approach, where the deformed gauge symmetry finally reduces to the undeformed gauge symmetry. Which of these two approaches (if any) is more applicable to our real world remains an open question and a subject of further research.

Acknowledgements The author wants to thank the local organizing committee and all the participants for a very nice school and for the possibility to present this work.

References

[1] P. Aschieri, C. Blohmann, M. Dimitrijević, F. Meyer, P. Schupp and J. Wess, A Gravity Theory on Noncommutative Spaces Class. Quant. Grav. 22 (2005)

3511-3522; P. Aschieri, M. Dimitrijević, F. Meyer and J. Wess, Noncommutative Geometry and Gravity, Class. Quant. Grav. 23 (2006) 1883-1912; P. Aschieri, M. Dimitrijević, F. Meyer, S. Schraml and J. Wess, Twisted Gauge Theories Lett. Math. Phys. 78 (2006) 61-71.

[2] R. Jackiw, Physical Instances of Noncommuting Coordinates Nucl. Phys. Proc.

Suppl. 108 (2002) 30.

[3] Letter of Heisenberg to Peierls (1930), in: Wolfgang Pauli, Scientific Correspondence, vol. II, 15, Ed. Karl von Meyenn, Springer-Verlag 1985; H. S. Snyder, Quantized spacetime, Phys.Rev. 71 (1947) 38.

[4] M. R. Douglas and N. A. Nekrasov, Noncommutative field theory, Rev. Mod.

Phys. 73 (2001) 977; R. J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207; L. Castelani, Noncommutative geometry and physics: a review of selected recent results, hep-th/0005210.

[5] Y. I. Manin, Multiparametric quantum deformation of the general linear supergroup, Commun. Math. Phys. 123 (1989) 163; J. Wess, Deformed Coordinate Spaces; Derivatives, Lecture given at BW2003 Workshop 29 August - 02 September, 2003 Vrnjačka Banja, Serbia, hep-th/0408080.

[6] J. Wess, Fortsch.Phys. 49, 377-385 (2001).

[7] J. Lukierski, A. Nowicki, H.Ruegg and V.N. Tolstoy, Phys. Lett. B264 (1991) 331;

J. Lukierski, A. Nowicki and H. Ruegg, Phys. Lett. B293, (1992) 344; B. Jurčo, S. Schraml, P. Schupp and J. Wess, Enveloping algebra valued gauge transformations for non-Abelian gauge groups on non-commutative spaces, Eur. Phys. J. C17, (2000) 521.

[8] A. Klimyk and K. Schmüdgen, Quantum Groups and Their Representations, Springer (1997).

[9] H. Weyl, Quantenmechenik und Gruppentheorie, Z. Phys. 46 (1927) 1;

J. E. Moyal, Quantum mechanics as a statistical theory, Proc. Cambridge Phil. Soc. 45, (1949) 99.

[10] D. V. Vassilevich, Twist to close, hep-th/0602185.

[11] B. Jurčo, S. Schraml, P. Schupp and J. Wess, Eur.Phys.J. C17 (2000) 521.

[12] N. Seiberg and E. Witten, JHEP 9909 (1999) 032.

[13] B. Jurčo, L. Möller, S. Schraml, P. Schupp and J. Wess, Construction of non- Abelian gauge theories on noncommutative spaces, Eur. Phys. J. C21 (2001) 383; L. Möller, Second order expansions of action functionals of noncommutative gauge theories, JHEP 0410 (2004) 063.

[14] X. Calmet, B. Jurčo, P. Schupp, J. Wess and M. Wohlgenannt, The Standard Model on noncommutative spacetime, Eur. Phys. J. C23 (2002) 363; P. Aschieri, B. Jurco, P. Schupp and J. Wess, Noncommutative GUTs, standard model and C, P, T, Nucl. Phys. B 651 (2003) 45.

[15] W. Behr, N.G. Deshpande, G. Duplancić, P. Schupp, J. Trampetić, J. Wess, Eur.Phys.J. C29 (2003) 441; B. Melić, K. Pasek-Kimerički, P. Schupp, J. Trampetić and M. Wohlgennant, The Standard Model on Non-Commutative Space- Time: Electroweak Currents and Higgs Sector, hep-ph/0502249.

[16] A. A. Bichl, J. M. Grimstrup, H. Grosse, E. Kraus, L. Popp, M. Schweda and R. Wulkenhaar, Noncommutative Lorentz Symmetry and the Origin of the Seiberg-Witten Map, Eur. Phys. J. C24 (2002) 165; G. Barnich, F. Brandt and M. Grigoriev, Local BRST cohomology and Seiberg-Witten maps in noncommutative Yang-Mills theory, hep-th/0308092; R. Wulkenhaar, Non-renormalizability of Theta-expanded noncommutative QED, JHEP 0203 (2002) 024.