Elementary Introduction to Supersymmetric Field Theory

I. L. Buchbinder^∗ Department of Theoretical Physics, Tomsk State Pedagogical University, Tomsk 634041, RUSSIA

Abstract These notes are devoted to brief introduction to superfield formulation of N = 1, D = 4 rigid supersymmetric field theories. We consider the basic notions of Lorentz and Poincare groups, two component spinors, Poincare superalgebra, superspace and superfields, Wess-Zumino model, supersymmetric sigma-model, supersymmetric Yang-Mills theory, superfield perturbation theory and nonrenormalization theorem. The material is intended for the reader who never studied a supersymmetry before and who would like to get acquainted with the basic notions and methods of supersymmetric field theory.

Contents

1. Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .64 2. General idea of supersymmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 3. Lorentz and Poincare groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 3.1. Basic definitions 3.2. Proper Lorentz group and SL(2,C) group 3.3. Two-component spinors 3.4. Lie algebra of the Poincare group 4. Superspace and superfields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .74 4.1. Supersymmetry algebra 4.2. Anticommuting variables 4.3. Superspace 4.4. Supercovariant derivatives 4.5. Chiral superfields 5. Superfield models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 5.1. Superfield action 5.2. Wess-Zumino model

∗ e-mail address: joseph@tspu.edu.ru

5.3. Supersymmetric sigma-model

5.4. Supersymmetric Yang-Mills theories

6. Superfield perturbation theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 6.1. A scheme of perturbation expansion in quantum field theory

6.2. Superpropagators in the Wess-Zumino model

6.3. Supergraphs

6.4. Non-renormalization theorem

7. Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 7.1. Lorentz and Poincare groups

7.2. Superspace and superfields

7.3. Superfield models

8. Books and Review Papers for Further Study . . . . . . . . . . . . . . . . . . . . 122

1. Preface

These notes are extended version of the lectures which I have given on IV Summer School in Modern Mathematical Physics, Belgrade, Serbia, 3-14 September 2006. They devoted to brief introduction to the basic notions of N = 1, D = 4 supersymmetry, construction of supersymmetric field models and some of their quantum aspects. From the very beginning the material is presented completely in manifestly supersymmetric form in terms of superspace and superfields.

These notes can also be entitled as ”Pedagogical Introduction to Supersymmetry” since the material has an educational character and is given in the form allowing the interested reader to acquire independently the first notations of supersymmetric field theory. No any preliminary knowledge on supersymmetry is assumed though it is expected that the readers passed the standard course of quantum field theory. We consider here only basic and simple enough notions of supersymmetric field theory. The more advanced aspects are left for further study. The theoretical material is supplemented with a number of problems which should help the readers to practice a formalism of supersymmetric field theory.

I am grateful to Organizers and especially to Professor B. Dragovich for support of mine participation, possibility to deliver the lecture course and kind atmosphere during Summer School. Also, I am grateful to all participants for the interest to my lectures. The invaluable help in preparation of file has been rendered by Denis Malishev and Igor Samsonov.

2. General idea of supersymmetry

Supersymmetry in physics means a hypothetical symmetry of Nature relating the bosons and fermions. In its essence, the supersymmetry is an extension of special relativity symmetry. One can say, the supersymmetry is a special relativity symmetry extended by the symmetry between bosons and fermions.

The main idea of supersymmetry in field theory can be explained as follows. Let us consider some model of field theory. Any such model is given in terms of an action functional, S[b, f], depending on a set of bosonic fields b(x) and a set of fermionic fields f(x). Consider the infinitesimal transformations of the fields b(x) and f(x) of the form

b → b + δb, δb ∼ f,

f → f + δf, δf ∼ b.

(2..1)

If the action S[b, f] is invariant under the transformations (2..1), δS[b, f] = 0, the field model under consideration is called supersymmetric. The transformations (2..1) are called supersymmetry transformations or supertransformations.

Of course, the above statements look like very schematic and naive while we have not answered the following questions:

1. What are explicit sets of the fields b and f in the model under consideration ?

2. What is an explicit form of transformations (2..1) ?

3. What is an explicit form of the invariant action S[b, f] ?

Originally, the supersymmetry was proposed in 1971 by Yu. Golfand and E. Lichtman from Lebedev Physical Institute. It was then rediscovered again in some another form in 1972 by D. Volkov and V. Akulov from Khar’kov Institute of Physics and Technology. In 1974 J. Wess and B. Zumino from Karlsruhe University and CERN, respectively, constructed the first supersymmetric model of four-dimensional field theory. After that, a number of papers on supersymmetry became to increase as a rolling snow ball. It is also worth pointing out a proposal of two-dimensional supersymmetry in 1971 in the context of string theory (P. Ramond, A. Neveu, J. Schwarz, J. Gervais, B. Sakira). Further, we will discuss only four-dimensional supersymmetric field theories.

If the supersymmetry is a true symmetry of Nature, it immediately leads to the fundamental physical consequences. According to the Standard Model, all elementary particles form two classes: the particles of matter which are the fermions and the particles mediating the fundamental interactions which are the bosons. However, if the concept of supersymmetry is true, the classification of fundamental particles on bosons and fermions is relative since the supersymmetry transforms bosons into fermions and vice versa. It means that for each boson there should exist a corresponding superpartner – a fermion and for each fermion there should exist a corresponding superpartner – a boson. Hence, for each fermionic matter particle there must exist a bosonic matter particle and for each bosonic particle – mediator of fundamental interaction there must exist a fermionic particle – mediator of fundamental interaction. As a result, one gets a beautiful symmetric picture of Nature on the fundamental level.

As we already mentioned, up to now the supersymmetry is a hypothetical symmetry since there is no experimental evidence for it at present. However, the experiments for searching the superpartners of known particles have already been planned for the next several years. Further we are not going to discuss the experimental aspects of supersymmetry. As is already pointed out, the supersymmetry is an extension of special relativity symmetry. Special relativity is based on invariance of physical phenomena under the Lorentz transformations and four-dimensional translations x^{′m} = x^m + a^m, where x^m are the Minkowski space coordinates and a^m is a constant four-vector, m = 0, 1, 2, 3. Supersymmetry includes special relativity symmetry and some additional symmetry associated with the transformations of the form (2..1) and responsible for relations between bosons and fermions. There is a universal procedure to realize the special relativity transformations together with the transformations (2..1). Such a procedure is based on the notions of superspace and superfield. Our purpose is to explain the meaning of this notions, to show, how the supersymmetric field models are constructed in terms of superfields and to demonstrate the technics of operation with superfields. The notations and conventions correspond to the book I.L. Buchbinder, S.M. Kuzenko, Ideas and Methods of Supersymmetry and Supergravity, IOP Publ., 1998.

3. Lorentz and Poincare groups

3.1. Basic definitions

Let us consider the four-dimensional Minkowski space with the coordinates x^m, m = 0, 1, 2, 3 and the metric

ds^2 = −(dx^0)^2 + (dx^1)^2 + (dx^2)^2 + (dx^3)^2 ≡ η_{mn}dx^mdx^n, (3..1)

where η = diag(−1, 1, 1, 1). (3..2)

It is easy to see, that the form of the metric (3..1) is invariant under the following linear inhomogeneous transformations

x^m −→ x^{′m} = Λ^m_nx^n + a^m, (3..3)

where a^m is a constant four-vector and Λ = (Λ^m_n) is some matrix with constant elements. To find the restrictions on this matrix one considers form invariance condition

η_{mn}dx^{′m}dx^{′n} = η_{pq}dx^px^q. (3..4)

Substituting the transformations (3..3) into Eq. (3..4), one gets

η_{mn}Λ^m_pΛ^n_qdx^pdx^q = η_{pq}dx^pdx^q, (3..5) or η_{mn}Λ^m_pΛ^n_q = η_{pq}. (3..6)

The equation (3..6) can also be rewritten in the matrix form

Λ^TηΛ = η, (3..7)

where Λ^T is a transpose matrix with the elements (Λ^T)_n^m = Λ^m_n. The transformations (3..3) with the matrix Λ satisfying the constraint (3..7) are called the inhomogeneous Lorentz transformations.

Clearly, the set of transformations (3..3) is given by a pair (a, Λ) with Λ being the Lorentz matrix satisfying Eq. (3..7) and a constant four-vector a. The set of such transformations (a, Λ) has two natural subsets:

i) The subset of transformations

x^{′m} = x^m + a^m (3..8)

is given by the pair (a, I), where I is the unit 4 × 4 matrix. The transformations (3..8) are called space-time translations.

ii) The subset of transformations

x^{′m} = Λ^m_nx^n, (3..9)

with Λ satisfying Eq. (3..7), is given by the pair (0, Λ). The transformations (3..9) are called Lorentz rotations or homogeneous Lorentz transformations.

Let us consider two inhomogeneous Lorentz transformations of the form (3..3) given by the pairs (a_1, Λ_1) and (a_2, Λ_2). Performing these transformations consequently, one arrives at the relation

(a_2, Λ_2)(a_1, Λ_1) = (Λ_2a_1 + a_2, Λ_2Λ_1). (3..10)

One can show that if the matrices Λ_1 and Λ_2 satisfy Eq. (3..7), their product Λ_2Λ_1 satisfies Eq. (3..7) as well. Therefore, Eq. (3..10) means that the composition of two inhomogeneous Lorentz transformations is also an inhomogeneous Lorentz transformations.

It is easy to see now that the set of transformations (a, Λ) forms a group with the multiplication law given by Eq. (3..10). Indeed, the unit group element is (0, I) and the element inverse to (a, Λ) is (−Λ^{−1}a, Λ^{−1}). Here Λ^{−1} is the inverse matrix satisfying the relation

Λ^{−1}Λ = ΛΛ^{−1} = I (3..11) or Λ^m_p(Λ^{−1})^p_n = δ^m_n. (3..12)

This group is called the Poincare group. One can show that the subset of transformations (0, Λ) forms the group which is called the Lorentz group. The subset of transformations (a, I) also forms a group which is called the translation group. Two these groups are the subgroups of the Poincare group.

One can check the following useful identity

(a, Λ) = (a, I)(0, Λ), (3..13)

which means that any element of the Poincare group is represented as the composition of two elements from the Lorentz group and the translation group.

Further we will use only the infinitesimal form of inhomogeneous Lorentz transformations. For this purpose we represent the Lorentz matrix as Λ = I + ω, where ω ≡ (ω^m_n) is the matrix with infinitesimal elements. In this case basic relation (3..7) takes the following form

(I + ω)^Tη(I + ω) = η, (3..14) or ω_{mn} + ω_{nm} = 0, (3..15) where ω_{mn} = η_{mp} ω^p_n. The equation (3..15) means that ω_{mn} is an arbitrary antisymmetric matrix which has six independent real elements. Therefore the Lorentz group is a six-parametric Lie group while the Poincare group is a ten-parametric Lie group.

3.2. Proper Lorentz group and SL(2,C) group The basic relation (3..7) for matrices Λ leads to the following identity

det Λ^T det η det Λ = det η. (3..16)

As a consequence, det Λ = ±1. (3..17) In particular, Eq. (3..17) means that any Lorentz matrix is non-degenerate and invertible. Moreover, one can show that the element Λ^0_0 is either positive or negative sign(Λ^0_0) = ±1. (3..18) Equations (3..17) and (3..18) show that the set of matrices Λ is divided into four non-overlapping subsets. Here we are interested only in one such subset denoted as L^↑_+ and defined by the conditions

Λ ∈ L^↑_+ ⇐⇒ Λ^TηΛ = η, det Λ = 1, signΛ^0_0 = 1. (3..19)

One can show, that the set of transformations (0, Λ), where Λ ∈ L^↑_+, forms a group which is called proper Lorentz group.

Further we will show that the proper Lorentz group allows us to introduce the specific objects which are called the two-component spinors. First of all, we introduce a set of 2 × 2 complex matrices N with unit determinant, det N = 1. Clearly, the set of such matrices forms a group with the multiplication law being an ordinary matrix product. This group is called two-dimensional special linear complex group and denoted as SL(2, C). One can show that for each matrix N ∈ SL(2, C) there exists the matrix Λ ∈ L^↑_+ such that

i) Λ(N_1N_2) = Λ(N_1)Λ(N_2), ii) Λ(N_1) = Λ(N_2) ⇔ N_1 = ±N_2.

The construction of the map Λ(N) is realized in the following five steps. 1. Consider a linear space of Hermitian 2 × 2 matrices X, X^+ = X. The basis in this space can be chosen in form of following four matrices σ_m ≡ (σ_0, ⃗σ):

σ_0 = ( 1 0 0 1 ) , σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) , σ_3 = ( 1 0 0 −1 ) . (3..20) Here the σ_1, σ_2, σ_3 are very well known Pauli matrices and σ_0 is the unit 2 × 2 matrix. Any Hermitian matrix X can be expanded over the basis (3..20) as X = X^mσ_m, (3..21) where X^m are the real numbers. It is easy to check the following identity for the matrices (3..20) tr(σ_mσ_n) = 2δ_{mn}, (3..22) which helps to express the coordinates X^m as

X^m = 1 2 tr(Xσ_m). (3..23)

2. Let N ∈ SL(2, C). Consider the matrix

X^′ = NXN^+. (3..24)

Since det N = 1, one gets

det X^′ = det X. (3..25)

3. Using equations (3..23) and (3..25) one obtains

X^{′m} = 1 2 tr(X^′σ_m) = 1 2 tr(NXN^+σ_m) = 1 2 tr(σ_mNσ_nN^+)X^n ≡ Λ^m_nX^n, (3..26) where Λ^m_n = Λ^m_n(N) = 1 2 tr(σ_mNσ_nN^+). (3..27)

4. Using the basis matrices (3..20), one rewrite the expansion X = X^mσ_m as follows X = ( X^0 + X^3 X^1 − iX^2 X^1 + iX^2 X^0 − X^3 ) . (3..28)

The straightforward calculation of the determinant of the matrix X gives

det X = (X^0)^2 − (X^1)^2 − (X^2)^2 − (X^3)^2 = −η_{mn}X^mX^n. (3..29) The same consideration leads to det X^′ = −η_{mn}X^{′m}X^{′n}. (3..30) Applying now the equation (3..25), we have

η_{mn}X^mX^n = η_{mn}X^{′m}X^{′n}. (3..31) Substituting Eq. (3..26) into (3..31), one gets

Λ^TηΛ = η, (3..32) where Λ is given by (3..27). This means that the matrix Λ is nothing but a matrix of Lorentz rotation.

5. One can show that Eq. (3..27) leads to

Λ^0_0 > 0, det Λ = 1. (3..33) Thus, the matrices Λ (3..27) belong to the proper Lorentz group. As a result, we have proved that the proper Lorentz group L^↑_+ is associated with SL(2, C) group.

3.3. Two-component spinors It is evident that the complex 2 × 2 matrices N ∈ SL(2, C) act in twodimensional complex space. We denote the vectors of this space as φ_α, α = 1, 2. Action of these matrices on the vectors φ_α looks like

φ^′_α = N_α^βφ_β. (3..34)

Since each matrix N ∈ SL(2, C) is associated with some matrix Λ from the proper Lorentz group, one can say that Eq. (3..34) is the transformation law of the two-dimensional complex vector under the Lorentz transformations. The vectors φ_α with the transformation law (3..34) are called left Weyl spinors. The indices α, β are called the spinor ones.

Let us introduce the matrix ε with elements ε_{αβ} ,

ε_{αβ} = ( 0 −1 1 0 ) , (3..35)

and its inverse matrix ε^{−1} with the elements ε^{αβ} , that is

ε_{αβ} ε^{βγ} = δ^γ_α, ε^{αβ} ε_{βγ} = δ^α_γ , ε^{αβ} = ( 0 1 −1 0 ) . (3..36)

One can prove the following identities

NεN^T = ε, N^Tε^{−1}N = ε^{−1} (3..37)

for arbitrary matrix N ∈ SL(2, C). The equation (3..37) means that the matrices ε and ε^{−1} are the invariant tensors of SL(2, C) group. Therefore these matrices can be used for rising and lowering the spinor indices

φ^α = ε^{αβ} φ_β , φ_α = ε_{αβ} φ^β . (3..38)

Moreover, one can shows that the expression φ^α_1 φ_{2α} is Lorentz invariant, i.e., φ^{′α}_1 φ^′_{2α} = φ^α_1 φ_{2α}, (3..39) where φ^′_α is given by (3..34) and φ^{′α} = ε^{αβ} φ^′_β .

Consider the matrix N^∗ which is complex conjugate to the matrix N, N ∈ SL(2, C). It is clear, the matrix N^∗ belongs to the group SL(2, C) as well, N^∗ ∈ SL(2, C). We denote the elements of the matrix N^∗ as N^∗_{α̇}^{β̇}; α̇, β̇ = ˙1, ˙2. This matrix acts in the complex space of two-dimensional vectors χ_{α̇} by the rule χ^′_{α̇} = N^∗_{α̇}^{β̇}χ_{β̇}. (3..40)

The two-component complex vectors χ_{α̇} with transformation law (3..40) are called right Weyl spinors. The indices α̇, β̇ are called the spinor ones. Analogously to previous discussion, one introduces the matrices

ε_{α̇β̇} = ( 0 −1 1 0 ) , ε^{α̇β̇} = ( 0 1 −1 0 ) , (3..41)

such that ε_{α̇β̇}ε^{β̇γ̇} = δ_{α̇}^{γ̇} . (3..42)

The matrices (3..41) are used to rise and lower the indices α̇, β̇ of right Weyl spinors χ^{α̇} = ε^{α̇β̇}χ_{β̇}, χ_{α̇} = ε_{α̇β̇} χ^{β̇}. (3..43)

For the right Weyl spinors one can prove the identity analogous to (3..39), χ^{′α̇}_1 χ^′_{2α̇} = χ^{α̇}_1 χ_{2α̇}, (3..44) where χ^′_{α̇} is given by (3..40). The relation (3..44) means that the expression χ^{α̇}_1 χ_{2α̇} is Lorentz invariant.

Sometimes, the spinors χ̄_{α̇} are called dotted spinors while the spinors φ^α are called undotted ones.

Since the dotted spinors transform with the help of conjugated matrix N^∗, we can define the operation of conjugation for the spinors by the rule (φ_α)^∗ = φ̄_{α̇}. (3..45) where φ̄_{α̇} is some dotted spinor.

Note also the following important properties for the left and right Weyl spinors (φ_1φ_2) ≡ φ^α_1 φ_{2α} = −φ^α_2 φ_{1α} = −(φ_2φ_1), (χ_1χ_2) ≡ χ_{1α̇}χ^{α̇}_2 = −χ_{2α̇}χ^{α̇}_1 = −(χ_2χ_1).

(3..46)

Let us consider the matrices σ_m given by Eq. (3..20). Their matrix elements are denoted as (σ_m)_{αα̇}. We introduce also the sigma-matrices with upper spinor indices (σ_m)^{αα̇} = ε^{αβ} ε^{α̇β̇}(σ_m)_{ββ̇}. (3..47) Using the explicit form of the matrices σ_m, (3..20), and ε^{αβ} , ε^{α̇β̇} , (3..36), (3..41), one can show that σ̃_m = (σ_0, −⃗σ). (3..48) The matrices σ_m and σ̃_m possess many useful identities, for example (σ_mσ̃_n + σ_nσ̃_m)_α^β = −2 η_{mn}δ_α^β, (3..49a) (σ̃_mσ_n + σ̃_nσ_m)^{α̇}_{β̇} = −2 η_{mn}δ^{α̇}_{β̇}, (3..49b) tr(σ_mσ̃_n) = −2 η_{mn}, (3..49c) (σ^m)_{αα̇}(σ̃_m)^{β̇β} = −2 δ_α^βδ_{α̇}^{β̇}, (3..49d) σ_m = Nσ_nN^+ ( Λ^{−1}(N)

)_n m. (3..49e) Here Λ(N) is given by eq (3..27). Eq. (3..49e) means that the matrices σ_m are invariant tensors of SL(2, C) group. Let us consider the following expressions: v^m = (χ̄σ̃^mφ) ≡ χ̄_{α̇}(σ̃^m)^{α̇α}φ_α, u_m = (φσ_mχ̄) ≡ φ^α(σ_m)_{αα̇}χ̄^{α̇}.

(3..50)

Using the transformation laws for the spinors φ_α, χ̄_{α̇}, Eqs. (3..34), (3..40) and (3..49e), one can show that v^m is a contravariant vector while u_m is covariant one.

3.4. Lie algebra of the Poincare group Here we will consider some notions of the Lie algebra of the Poincare group on the base of one special example. One can show that the results, we are interesting, do not depend on the example we begin with. The infinitesimal coordinate transformations corresponding to the inhomogeneous Lorentz transformations have been written in sect. 3.1. in the form x^{′m} = x^m + ω^m_nx^n + a^m = x^m + δx^m, (3..51) where ω^m_n and a^m are the infinitesimal parameters, ω_{mn} = −ω_{nm}. Let t^m(x) be a vector field which is determined by the following transformation law under the inhomogeneous Lorentz transformations

t^{′m}(x^′) =

∂x^{′m} ∂x^n t^n(x), (3..52) where x^{′m} is given by Eq. (3..51). The equation (3..52) can be rewritten as t^{′m}(x + δx) = Λ^m_nt^n(x), (3..53) where Λ^m_n = δ^m_n + ω^m_n is the Lorentz matrix. Therefore t^{′m}(x + ωx + a) = (δ^m_n + ω^m_n)t^n(x), (3..54) or, denoting δt^m(x) = t^{′m}(x) − t^m(x), one gets

δt^m(x) = a^n∂_nt^m(x) + ω^m_nt^n(x) − ω^n_kx^k∂_nt^m(x). (3..55) The relation (3..55) can be written as follows δt^m(x) = −ia^r(P_r)^m_nt^n(x) + i 2 ω^{rs}(J_{rs})^m_nt^n(x), (3..56) where (P_r)^m_n = δ^m_n(−i∂_r), (J_{rs})^m_n = η_{rk}x^k(P_s)^m_n − η_{sk}x^k(P_r)^m_n + (M_{rs})^m_n, (3..57) (M_{rs})^m_n = i(δ^m_sη_{rn} − δ^m_rη_{sn}).

Using the explicit form of operators P_r, J_{rs}, (3..57), we calculate the commutation relations among these operators. The result is written as follows [P_r, P_s] = 0, [J_{rs}, P_m] = i(η_{rm}P_s − η_{sm}P_r), (3..58) [J_{mn}, J_{rs}] = i(η_{mr}J_{ns} − η_{ms}J_{nr} + η_{ns}J_{mr} − η_{nr}J_{ms}).

The expressions (3..57) are called the generators of Poincare group in vector representation. The relations (3..58) form the commutation relations of these generators. Sometimes, the relations (3..58) themselves are called the Poincare algebra.

One can show that the infinitesimal transformations of any tensor or spinor field under inhomogeneous Lorentz transformations (3..51) can be written in the form analogous to (3..56),

δΦ(x) = −ia^mP_mΦ(x) + i 2 ω^{mn}J_{mn}Φ(x), (3..59)

with some generators P_m and J_{mn}. The operators P_m are called the translation generators and J_{mn} are called the Lorentz rotation generators. The commutation relations among the operators P_m, J_{mn} also have the form (3..58), independently of the type of fields Φ in (3..59). We would like to emphasize that the algebra (3..58) is a mathematical expression of the special relativity symmetry.

4. Superspace and superfields

4.1. Supersymmetry algebra

Here we will discuss how to extend the Poincare algebra (3..58) by means of new generators which can provide symmetry between bosons and fermions. A general idea of such an extension is based on the use of spinor generators Q^I_α and Q̄^I_{α̇} with dotted and undotted indices α, α̇ and I = 1, 2, . . . , N . The integer N numerates a number of new generators.

It is postulated that the generators Q^I_α, Q̄^I_{α̇} possess a fermionic nature and their commutation relations are given in terms of anticommutators. We want to preserve the algebra (3..58) for P_m and J_{mn} and should find, additionally, the following commutators and anticommutators

[P_m, Q^I_α], [P_m, Q̄^I_{α̇}], [J_{mn}, Q^I_α], [J_{mn}, Q̄^I_{α̇}], (4..1a)

{Q^I_α, Q^J_β }, {Q̄^I_{α̇}, Q̄^J_{β̇} }, {Q^I_α, Q̄^J_{α̇}}, (4..1b)

where {A, B} = AB + BA is the anticommutator. A natural assumption is that the right hand sides of above commutators and anticommutators should be linear combinations of all generators P_m, J_{mn}, Q^I_α, Q̄^I_{α̇} with some coefficients. The Lorentz invariance imposes the conditions on these coefficients: they can be constructed only from the invariant tensors of Lorentz and SL(2, C), i.e., η_{mn}, ε_{αβ} , ε_{α̇β̇} , (σ_m)_{αα̇}, (σ̃_m)^{α̇α}. Therefore, the most general forms of the commutators and anticommutators (4..1) are written as follows:

[P_m, Q^I_α] = c_1(σ_m)_{αα̇}Q̄^{α̇I} , [P_m, Q̄^I_{α̇}] = c_2(σ̃_m)_{α̇α}Q^{αI} , [J_{mn}, Q^I_α] = c_3(σ_{mn})_α^βQ^I_β, [J_{mn}, Q̄^I_{α̇}] = c_4(σ̃_{mn})_{α̇}^{β̇}Q̄^I_{β̇}, {Q^I_α, Q^J_β } = c_5ε_{αβ}Z^{IJ} + c̃_5(σ^{mn})_{αβ}J_{mn}X^{IJ} , (4..2) {Q̄^I_{α̇}, Q̄_˙β^J } = c_6ε_{αβ}Z̄^{IJ} + c̃_6(σ̃^{mn})_{α̇β̇}J_{mn}X̄^{IJ} ,

{Q^I_α, Q̄^J_{α̇}} = c_72(σ^m)_{αα̇}P^mδ^{IJ} ,

where c_1, . . . , c_7 are some numerical coefficients and Z^{IJ} = −Z^{JI} , Z̄^{IJ} = −Z̄^{JI} , X^{IJ} = X^{JI} , X̄^{IJ} = X̄^{JI} are some matrices. Here

(σ_{mn})_{αβ} = − 1 4 (σ_mσ̃_n − σ_nσ̃_m)_{αβ} ,

(σ̃_{mn})_{α̇β̇} = − 1 4 (σ̃_mσ_n − σ̃_nσ_m)_{α̇β̇}.

(4..3)

Of course, the coefficients c_1, c_2, c_3, c_4 are written down without any calculations since they are defined by the transformation laws of the dotted and undotted spinors under inhomogeneous Lorentz group. We do not write yet these coefficients to emphasize a general idea how all coefficients in (4..3) can be found.

To fix the coefficients c_1, . . . , c_7 in the algebra (eq2.2) one uses the Jacobi identities which are written in terms of double commutators and anticommutators. We will use the standard terminology, when the operators P_m, J_{mn} are called bosonic and Q^I_α, Q̄^I_{α̇} are called fermionic. Let B is some bosonic operator while F is some fermionic one. The Jacobi identities for such operators have the form

[B_1, [B_2, B_3]] + [B_2, [B_3, B_1]] + [B_3, [B_1, B_2]] = 0, [B, {F_1, F_2}] + {F_1, [F_2, B]} − {F_2, [B, F_1]} = 0, [B_1, [B_2, F ]] + [B_2, [F, B_1]] + [F_1, [B_1, B_2]] = 0, (4..4) [F_1, {F_2, F_3}] + [F_2, {F_3, F_1}] + [F_3, {F_1, F_2}] = 0.

Substituting the generators P_m, J_{mn} instead of B and generators Q^I_α, Q̄^I_{α̇} instead of F into the identities (4..4) and using the relations (4..2), one can find all numerical coefficients in Eqs. (4..2). The results are written as

c_1 = c_2 = c̃_5 = c̃_6 = 0, c_3 = c_4 = i, c_5 = c_6 = c_7 = 1, X^{IJ} = X̄^{IJ} = 0,

(4..5) and the operators Z^{IJ} , Z̄^{IJ} must commute with all generators. Thus, one gets the algebra (4..2) in the final form

[P_m, Q^I_α] = 0, [P_m, Q̄^I_{α̇}] = 0,

[J_{mn}, Q^I_α] = i(σ_{mn})_α^βQ^I_β, [J_{mn}, Q̄^I_{α̇}] = i(σ̃_{mn})_{α̇}^{β̇}Q̄^I_{β̇},

{Q^I_α, Q^J_β } = ε_{αβ} Z^{IJ} , {Q̄^I_{α̇}, Q̄^J_{β̇} } = ε_{α̇β̇}Z̄^{IJ} ,

{Q^I_α, Q̄^J_{α̇}} = 2(σ^m)_{αα̇}P_mδ^{IJ} .

(4..6)

The equations (4..6), together with Eqs. (3..58), form the so called Poincare superalgebra. The fermionic generators Q^I_α, Q̄^I_{α̇} are called the supercharges, the generators Z, Z̄ are called the central charges. If N = 1, the supersymmetry is called simple, or N = 1 supersymmetry. In this case all central charges are absent. If N > 1, the supersymmetry is called extended, or N -extended supersymmetry. The statement that the relations (4..6) represent the most general extension of the Poincare algebra (3..58) by means of fermionic generators is referred as the Haag - Lopusanski- Sohnius theorem which was proved in 1975.

Further we will consider only N = 1 supersymmetry.

4.2. Anticommuting variables

Supersymmetric field theories (as well as all fermionic field theories) are formulated naturally with the help of a notion of Grassmann algebra which operates with the so called anticommuting variables, or anticommuting numbers. Here we discuss only some simple properties of anticommuting variables.

Why do we have to think about anticommuting variables in the case under consideration? We know that the generators of the Poincare algebra (3..58) can be associated with the coordinate transformations of the Minkowski space (see Eqs. (3..51)–(3..57)). Therefore, it is naturally to expect that the generators of supersymmetry algebra can also be associated with the coordinate transformations of some space. Since the generators P_m, J_{mn} are included into the supersymmetry algebra (4..6), the coordinates x^m of the Minkowski space should also be included into this new space. As the supersymmetry algebra contains the supercharges Q_α, Q̄_{α̇} satisfying the anticommutation relations (see Eqs. (4..6)), it is natural to assume that these supercharges are also associated with some new coordinates. Since the supercharges satisfy the anticommutation relations, one can assume that the corresponding coordinates should be anticommuting as well. Moreover, since the supercharges are the undotted and dotted spinors, it is natural to assume that these new anticommuting coordinates should also be the undotted and dotted spinors.

Further we will follow the pragmatic point of view: we will avoid any rigorous definitions and describe only the rules of operation with the anticommuting variables. In principle, all necessary material concerning the anticommuting variables is given in standard texts on quantum filed theory, particularly in the sections concerning the Lagrangians for spinor fields and anticommuting ghost fields in quantum theory of gauge fields. Here we assume that the readers are familiar with all these notions. We denote anticommuting variables as θ_α, θ̄_{α̇}. It means that θ_α is a left Weyl spinor and θ̄_{α̇} is a right Weyl spinor. One can raise the spinor indices with the ε-tensors as usual:

θ^α = ε^{αβ} θ_β, θ̄^{α̇} = ε^{α̇β̇}θ̄_{β̇}. (4..7)

The basic relations expressing the fundamental property of the anticommuting variables have the form θ̄_{α̇}θ̄_{β̇} + θ̄_{β̇}θ̄_{α̇} = 0,

θ_αθ_β + θ_βθ_α = 0, (4..8) θ_αθ̄_{α̇} + θ̄_{α̇}θ_α = 0.

These relations imply

(θ_α)^2 = 0, α = 1, 2, (θ̄_{α̇})^2 = 0, α̇ = ˙1, ˙2, (4..9) θ_αθ_βθ_γ = θ̄_{α̇}θ̄_{β̇}θ̄_{γ̇} = 0, α, β, γ = 1, 2, α̇, β̇, γ̇ = ˙1, ˙2.

The basic relations (4..8) allow us to simplify the expressions θ_αθ_β and θ̄_{α̇}θ̄_{β̇}. For example, let us consider θ_αθ_β which is an antisymmetric 2 × 2 matrix. Any such a matrix is always proportional to the matrix ε_{αβ} with some coefficient, say C, θ_αθ_β = Cε_{αβ}. Contracting the spinor indices, one gets ε^{αβ} θ_αθ_β = Cε^{βα}ε_{αβ} = 2C or C =^1_2 ε^{βα}θ_αθ_β. The similar considerations are applicable to the expression θ̄_{α̇}θ̄_{β̇}. As a result,

θ_αθ_β = 1 2 ε_{αβ} θ^2, θ̄_{α̇}θ̄_{β̇} = − 1 2 ε_{α̇β̇}θ̄^2,

θ^αθ^β = − 1 2 ε^{αβ} θ^2, θ̄^{α̇}θ̄^{β̇} = 1 2 ε^{α̇β̇}θ̄^2, (4..10)

where

θ^2 ≡ θ^αθ_α = ε^{αβ} θ_βθ_α, θ̄^2 ≡ θ̄_{α̇}θ̄^{α̇} = ε_{α̇β̇}θ̄^{β̇}θ̄^{α̇}. (4..11)

Due to the relations (4..8), (4..9), any function of anticommuting variables can be only a polynomial

f(θ, θ̄) = a + b^αθ_α +b̃_{α̇}θ̄^{α̇} + c_{αα̇}θ^αθ̄^{α̇} + g θ^2 + g̃ θ̄^2 + f^αθ_αθ̄^2 + f̃_{α̇}θ̄^{α̇}θ^2 + d θ^2θ̄^2, (4..12) where a, b^α, b̃_{α̇} c_{αα̇}, d, d̃, f_α, f̃_{α̇}, g are real or complex numbers. Sometimes, the expansion (4..12) is called a superfunction and the numbers a, b^α, b̃_{α̇} c_{αα̇}, d, d̃, f_α, f̃_{α̇}, g are called the components of the superfunction. Now we introduce the notions of differentiation and the integration of the superfunction (4..12) over the Grassmann variables θ_α, θ̄_{α̇}. The derivatives with respect to anticommuting variables are denoted as ∂ ∂θ^α

≡ ∂_α, ∂ ∂θ̄^{α̇}

≡ ¯∂_{α̇} (4..13)

and satisfy the following four rules:

i) The derivative is a linear operation; ii) ∂_αθ_β = δ_α^β, ¯∂_{α̇}θ̄^{β̇} = δ_{α̇}^{β̇}. (4..14) iii)

∂_α(θ^βθ^γ ) = δ_α^βθ^γ − δ_α^γ θ^β, ¯∂_{α̇}(θ̄^{β̇}θ̄^{γ̇} ) = δ_{α̇}^{β̇}θ̄^{γ̇} − δ_{α̇}^{γ̇}θ̄^{β̇}. (4..15) iv) ¯∂_{α̇}θ^β(...) = −θ^β ¯∂_{α̇}(...),

∂_αθ̄^{β̇}(...) = −θ̄^{β̇}∂_α(...). (4..16) Using these rules i) – iv), one can show that the Grassmann derivatives are anticommuting ∂_α∂_β + ∂_β∂_α = 0, ¯∂_{α̇} ¯∂_{β̇} + ¯∂_{β̇} ¯∂_{α̇} = 0, (4..17)

∂_α ¯∂_{β̇} + ¯∂_{β̇}∂_α = 0.

In particular, ∂^2_α = ¯∂^2_{α̇} = 0, α = 1, 2, α̇ = ˙1, ˙2. (4..18) In principle, there are two types of derivatives with respect to anticommuting variables, that is left −→ ∂_α and right ←− ∂_α ones. Here we consider only left derivatives −→ ∂_α ≡ ∂_α since only they are sufficient for our purposes.

Using the relations (4..17) one can show, analogously to (4..10), that the expressions ∂_α∂_β, ¯∂_{α̇} ¯∂_{β̇} can be simplified as follows

∂_α∂_β = 1 2 ε_{αβ} ∂^2, ¯∂_{α̇} ¯∂_{β̇} = − 1 2 ε_{α̇β̇} ¯∂^2,

∂^α∂^β = − 1 2 ε^{αβ}∂^2, ¯∂^{α̇} ¯∂^{β̇} = 1 2 ε^{α̇β̇} ¯∂^2,

(4..19) where ∂^2 ≡ ∂^α∂_α, ¯∂^2 ≡ ¯∂_{α̇} ¯∂^{α̇}. (4..20) Let us consider now the integration over anticommuting variables. Since (∂_α)^2 = 0, ( ¯∂_{α̇})^2 = 0 (no contraction over α or α̇), an integration can not be defined as an operation inverse to differentiation. A correct definition of the integration over anticommuting variables has been given by F. Berezin. The Berezin integral is based on the following rules:

i) Integration is a linear operation.

ii) Let dθ_α, dθ̄^{α̇} are the extra parameters anticommuting among themselves and with all θ_α, θ̄_{α̇} variables. Then, by definition, ∫ dθ_αF = ∂_αF, ∫ dθ̄^{α̇}G = ε^{α̇β̇}∂_{β̇} G. (4..21)

iii) Multiple integration is defined as repeated. According to these rules, one has ∫ dθ_αθ^β = δ_α^β, ∫ dθ̄^{α̇}θ̄_{β̇} = δ^{α̇}_{β̇} . (4..22)

Let us define

d^2θ = 1 4 ε^{αβ} dθ_αdθ_β, d^2θ̄ = 1 4 ε_{α̇β̇}dθ̄^{α̇}dθ̄^{β̇}, (4..23)

then ∫ d^2θθ^2 = 1, ∫ d^2θ̄θ̄^2 = 1. (4..24)

Using the rules (4..21) and Eqs. (4..23), it is easy to see that ∫ d^2θ∂_αF = 0, ∫ d^2θ̄ ¯∂_{α̇}G = 0, (4..25)

for arbitrary superfunctions F and G.

The relations (4..24) have a clear interpretation. Let us consider ∫ d^2θθ^2F (θ) = ∫ d^2θθ^2(a + b_αθ^α + d θ^2) = ∫ d^2θθ^2a = a ∫ d^2θθ^2 = a = F (0). (4..26)

Here we have used the property θ_αθ_βθ_γ = 0. Note that Eq. (4..26) is analogous to the well known property of usual delta-function

∫_∞ −∞ dxδ(x)f(x) = f(0). Therefore one can treat θ^2, θ̄^2 as the delta-functions of the Grassmann variables δ^2(θ) = θ^2, δ^2(θ̄) = θ̄^2. (4..27) As a consequence, the following properties are satisfied ∫ d^2θ δ^2(θ) = 1, ∫ d^2θ̄ δ^2(θ̄) = 1, ∫ d^2θ δ^2(θ)F (θ) = F (0), ∫ d^2θ̄ δ^2(θ̄)F (θ̄) = F (0). (4..28)

Note also that the Grassmann delta-functions are not singular at zero

δ^2(θ)|_{θ=0} = 0, δ^2(θ̄)|¯_{θ=0} = 0. (4..29)

Therefore, all Grassmann loop integrations in the quantum computations in supersymmetric theories are always convergent while all so-called tadpole contributions simply vanish due to the property (4..29). It is convenient to define the expressions

δ^4(θ) = δ^2(θ)δ^2(θ̄), d^4θ = d^2θd^2θ̄. (4..30)

Then, the following equality takes place ∫ d^4θ δ^4(θ)F (θ, θ̄) = F (θ, θ̄)|_{θ=0,}¯_{θ=0} (4..31)

for arbitrary superfunction F (θ, θ̄).

4.3. Superspace Let θ_α, θ̄_{α̇} be the anticommuting variables. We assume that they are conjugated to each other,

(θ_α)^∗ = θ̄_{α̇}, (θ̄_{α̇})^∗ = θ_α, (4..32)

where “∗” means the complex conjugation. We define also the conjugation rule for the products of anticommuting variables as follows:

θ_αθ_β)^∗ = θ̄_{β̇}θ̄_{α̇}, (θ̄_{β̇}θ̄_{α̇})^∗ = θ_αθ_β, (θ_αθ̄_{β̇})^∗ = θ_βθ̄_{α̇}, (θσ^mθ̄)^∗ = (θσ^mθ̄).

(4..33)

Superspace is defined as a manifold parameterized by the variables {x^m, θ_α, θ̄_{α̇}}, were x^m are the coordinates of Minkowski space and θ_α, θ̄_{α̇} are anticommuting variables. Usually, xm are called the bosonic coordinates while θ_α, θ̄_{α̇} are called fermionic coordinates. The dimension of such superspace is equal to eight: four bosonic dimensions and four fermionic ones.

Any function defined on superspace is called a superfield, V = V (x, θ, θ̄). Taking into account that any superfunction is a polynomial of anticommuting variables, one can write

V (x, θ, θ) = A(x) + θ^αψ_α(x) + θ̄_{α̇}ϕ̄^{α̇}(x) + θ^2F (x) + θ̄^2G(x) (4..34)

+ (θσ^mθ̄)A_m(x) + θ̄^2θ^αλ_α(x) + θ^2θ̄_{α̇}η̄^{α̇}(x) + θ^2θ̄^2D(x).

The coefficients A(x), ψ_α(x), ϕ̄^{α̇}(x), F (x), G(x), A_m(x), λ_α(x), η̄^{α̇}(x), D(x) in the decomposition (4..34) are called component fields. All component fields are the usual fields in Minkowski space. We see that a superfield automatically includes a lot of usual fields. We will consider further only the superfields which are the scalars under Lorentz rotations. In this case A(x), F (x), G(x), D(x) are the scalar fields, A_m(x) is a vector field, ψ_α(x), λ_α(x) are left Weyl spinors and ψ̄^{α̇}(x), η̄^{α̇}(x) are right Weyl spinors. One can impose a reality condition on the superfield (4..34)

V^∗ = V, (4..35)

where the conjugation rules of anticommuting variables are given by Eqs. (4..32), (4..33). The condition (4..35) implies that A(x), D(x) are real scalar fields, A_m(x) is a real vector field and the following equalities take place G = F^∗, ϕ̄_{α̇} = (ψ_α)^∗ ≡ ψ̄_{α̇}, η̄_{α̇} = (λ_α)^∗ ≡ λ̄_{α̇}. (4..36) As a result, the real scalar superfield is given by the following decomposition

V (x, θ, θ̄) = A(x) + θ^αψ_α(x) + θ̄_{α̇}ψ̄^{α̇}(x) + θ^2F (x) + θ̄^2F^∗(x) (4..37)

+ (θσ^mθ̄)A_m(x) + θ̄^2θ^αλ_α(x) + θ^2θ̄_{α̇}λ̄^{α̇}(x) + θ^2θ̄^2D(x).

Note that the real scalar superfield (4..37) has less number of independent component fields in comparison with the general one (4..34). Our next purpose is to realize the supercharges Q_α, Q̄_{α̇} as the operators acting on superfields. We consider the superspace coordinate transformations of the form

x^{′m} = x^m − i(ϵσ^mθ̄ − θσ^mϵ̄), θ^{′α} = θ^α + ϵ^α, (4..38) θ̄^′_{α̇} = θ̄_{α̇} + ϵ̄_{α̇}.

The transformations (4..38) are called the supertranslations or supersymmetry transformations. Here ϵ^α, ϵ̄_{α̇} are anticommuting transformation parameters. We assume that the infinitesimal transformations of any superfield V = V (x, θ, θ̄) under supertranslations (4..38) should be written as

δV (x, θ, θ̄) = i(ϵ^αQ_α + ϵ̄_{α̇}Q̄^{α̇})V (x, θ, θ̄), (4..39) where Q_α are Q̄^{α̇} are some operators satisfying the (anti)commutation relations of the superalgebra (4..6) for N = 1. In particular, the following relations should take place {Q_α, Q_β } = 0, {Q̄_{α̇}, Q̄_{β̇}} = 0, {Q_α, Q̄_{α̇}} = 2(σ^m)_{αα̇}P_m. (4..40)

The superfield V = V (x, θ, θ̄) is called scalar superfield if it transforms under supertranslations (4..38) as V^′(x^′, θ^′, θ̄^′) = V (x, θ, θ̄). (4..41) Substituting Eq. (4..38) into (4..41) one gets V^′(x + δx, θ + ϵ, θ̄ + ϵ̄) = V (x, θ, θ̄), (4..42) where δx^m = −i(ϵσ^mθ̄ − θσ^mϵ̄). Expanding Eq. (4..42) up to first order in the parameters ϵ, ϵ̄, one obtains V^′(x, θ, θ̄) + δx^m∂_mV (x, θ, θ̄) + ϵ^α∂_αV (x, θ, θ̄) + ϵ̄^{α̇} ¯∂_{α̇}V (x, θ, θ̄) = V (x, θ, θ̄). (4..43) Therefore,

δV (x, θ, θ̄) ≡ V^′(x, θ, θ̄) − V (x, θ, θ̄) (4..44) = −ϵ^α∂_αV − ϵ̄^{α̇} ¯∂_{α̇}V − δx^m∂_mV = i(iϵ^α∂_αV ) − i(−iϵ̄^{α̇} ¯∂_{α̇}V ) + iϵ^ασ^m_{αα̇}θ̄^{α̇}∂_mV − iθ^ασ^m_{αα̇}ϵ̄^{α̇}∂_mV = iϵ^α(i∂_α + σ^m_{αα̇}θ̄^{α̇}∂_m)V − iϵ̄^{α̇}(−i ¯∂_{α̇} − θ^ασ^m_{αα̇}∂_m)V.

Comparing Eq. (4..44) with (4..39), we conclude that the supercharges are given by

Q_α = i∂_α + σ^m_{αα̇}θ̄^{α̇}∂_m, Q̄_{α̇} = −i ¯∂_{α̇} − θ^ασ^m_{αα̇}∂_m. (4..45) Now it is easy to check that the operators (4..45) satisfy the relations (4..40), i.e., they realize the representation of the supersymmetry algebra (4..6) on scalar superfields.

The relations (4..39), (4..45) allow us to find the transformation laws of the component fields under the supertranslations (4..38). For example, we take the real scalar superfield V (x, θ, θ̄) in the form (4..37), substitute it into Eq. (4..39) and apply (4..45):

δA + θ^αδψ_α + θ̄_{α̇}δψ̄^{α̇} + θ^2δF + θ̄^2δF^∗ + θ^αθ̄^{α̇}δA_{αα̇} + θ̄^2θ^αδλ_α + θ^2θ̄_{α̇}δη̄^{α̇} + θ^2θ̄^2δD = ( iϵ^α(i∂_α + θ̄^{α̇}∂_{αα̇}) − iϵ̄^{α̇}(−i∂_{α̇} − θ^α∂_{αα̇}) ) ×(A + θ^βψ_β + θ̄_{β̇}ψ̄^{β̇} + θ^2F + θ̄^2F^∗ + θ^βθ̄^{β̇}A_{ββ̇} + θ^2θ^βλ_β + θ̄^2θ̄_{β̇}λ̄^{β̇} + θ^2θ̄^2D), (4..46) where ∂_{αα̇} = σ^m_{αα̇}∂_m, A_{αα̇} = σ^m_{αα̇}A_m. (4..47) Now, we have to compute all derivatives over the anticommuting variables in right hand side of Eq. (4..46) and take into account Eq. (4..10) as well as the identities θ_αθ_βθ_γ = 0, θ̄_{α̇}θ̄_{β̇}θ̄_{γ̇} = 0. Comparing the expressions at the corresponding powers of θ-variables, we arrive at the following set of equalities

δA = −ϵ^αψ_α − ϵ̄_{α̇}ψ̄^{α̇}, δψ_α = −2ϵ_αF − ϵ̄^{α̇}A_{αα̇} − iϵ̄^{α̇}∂_{αα̇}A, δF = −ϵ^αλ_α,

δA_{αα̇} = 2(ϵ̄_{α̇}λ_α − ϵ_αλ̄_{α̇}) − 2i(ϵ_α∂_{βα̇}ψ^β + ϵ̄_{α̇}∂_{αβ̇}ψ̄^{β̇} + i∂_{αα̇}(ϵ̄_{β̇}ψ̄^{β̇} ) − ϵ^βψ_β ),

δλ_α = −2ϵ_αD − iϵ_α∂_mA^m − 2iϵ̄^{α̇}∂_{αα̇}F,

δD = − i 2 ∂_{αα̇}(ϵ^αλ̄^{α̇} + ϵ̄^{α̇}λ^α). (4..48)

As we know from the course of quantum field theory, the scalar and vector fields describe the bosonic particles and they are called bosonic fields. The spinor fields describe the fermionic particles and are called fermionic fields. Equations (4..48) show explicitly that the supersymmetry transforms the bosonic fields into fermionic ones and vice versa.

In the conclusion of this subsection let us consider the question about the numbers of bosonic and fermionic components of a real superfield V which is given by Eq. (4..37). The bosonic fields A, F , D, A_m have 8 real components (two real scalar fields A, D, one four-component real vector A_m and a complex scalar F ). The fermionic fields ψ_α, λ_α have also 8 real components (both of them have two complex components due to the spinor index α = 1, 2). As a result, we see that the number of bosonic components of the superfiled is equal to the number of its fermionic ones.

4.4. Supercovariant derivatives Supercovariant derivatives D_α, D̄_{α̇} are defined by the following conditions

δD_αV = D_αi(ϵ^βQ_β + ϵ̄_{β̇}Q̄^{β̇})V = D_αδV,

δD̄_{α̇}V = D̄_{α̇}i(ϵ^βQ_β + ϵ̄_{β̇}Q̄^{β̇})V = D̄_{α̇}δV,

(4..49)

which should take place for arbitrary superfield V = V (x, θ, θ̄). The equations (4..49) mean that the expressions D_αV , D̄_{α̇}V transform like V under the supertranslations (4..38). Eqs. (4..49) lead to

[D_α, ϵ^β Q_β + ϵ̄_{β̇}Q̄^{β̇}] = 0,

[D̄_{α̇}, ϵ^β Q_β + ϵ̄_{β̇}Q̄^{β̇}] = 0.

(4..50)

Since the parameters ϵ^β, ϵ̄_{β̇} are anticommuting, one gets from (4..50) the following identities

{D_α, Q_β } = 0, {D_α, Q̄_{β̇} } = 0, {D̄_{α̇}, Q_α} = 0, {D̄_{α̇}, Q̄_{β̇} } = 0,

(4..51)

where the supercharges Q_α, Q̄_{α̇} are given by Eq. (4..45). The Eqs. (4..51) allow us to find the supercovariant derivatives explicitly. To do this we solve the equations (4..51) using the anzatz

D_α = c_1∂_α + c_2θ̄^{α̇}∂_{αα̇}, D̄_{α̇} = c_3 ¯∂_{α̇} + c_4θ^α ¯∂_{αα̇}, (4..52) with some unknown coefficients c_1, c_2, c_3, c_4. Substituting Eqs. (4..52) into (4..51), one can find all coefficients^1. The result looks like

D_α = ∂_α + iσ^m_{αα̇}θ̄^{α̇}∂_m = ∂_α + iθ̄^{α̇}∂_{αα̇}, D̄_{α̇} = − ¯∂_{α̇} − iθασm_{αα̇}∂_m = − ¯∂_{α̇} − iθα∂_{αα̇}.

(4..53)

Sometimes, the supercovariant derivatives are called the spinor derivatives. Note that the derivative ∂_m is covariant with respect to the supertranslations since the supercharges commute with the generators of space-time translations as it follows from the algebra (4..6).

The spinor derivatives (4..29) possess a number of important properties which are used in supersymmetric field theories. It is easy to check that they satisfy the algebra

{D_α, D_β } = 0, {D̄_{α̇}, D̄_{β̇} } = 0, [D_α, ∂_m] = 0, [D̄_α, ¯∂_m] = 0, {D_α, D̄_{α̇}} = −2i∂_{αα̇} = 2P_{αα̇}.

(4..54)

Since D_αD_β is antisymmetric 2 × 2 matrix we can repeat the same analysis as for θ_αθ_β. It leads to the number of identities:

D_αD_β = 1 2 ε_{αβ} D^2, D̄_{α̇}D̄_{β̇} = − 1 2 ε_{α̇β̇}D̄^2,

D^αD^β = − 1 2 ε^{αβ} D^2, D̄^{α̇}D̄^{β̇} = − 1 2 ε^{α̇β̇}D̄^2, (4..55)

D_αD_βD_γ = 0, D̄_{α̇}D̄_{β̇}D̄_{γ̇} = 0,

where D^2 = D^αD_α, D̄^2 = D̄_{α̇}D̄^{α̇},

D^α = ε^{αβ} D_β , D̄^{α̇} = ε^{α̇β̇}D̄_{β̇}.

(4..56)

1The coefficients c1, c3 are arbitrary while c2, c4 are expressed in terms of c1, c2. Here we choose c1 = 1, c3 = −1 for simplicity.

Using the algebra of spinor derivatives (4..54) one can prove the identities

D^2D̄_{α̇}D^2 = 0, D̄^2D_αD̄^2 = 0, (4..57a) D^αD̄^2D_α = D̄_{α̇}D^2D̄^{α̇}, (4..57b) D^2D̄^2 + D̄^2D^2 − 2D^αD̄^2D_α = 16□, (4..57c) D^2D̄^2D^2 = 16□D^2, D̄^2D^2D̄^2 = 16□D̄^2, (4..57d) [D^2, D̄_{α̇}] = −4i∂_{αα̇}D^α, [D̄^2, D_α] = 4i∂_{αα̇}D̄^{α̇}. (4..57e)

4.5. Chiral superfields Using the supercovariant derivatives D_α, D̄_{α̇} one can impose the constraints on the superfields which are consistent with the supersymmetry transformations. The simplest such a constraint is given by D̄_{α̇}Φ(x, θ, θ̄) = 0, (4..58)

where Φ(x, θ, θ̄) is a complex scalar superfield. Eq. (4..58) can be exactly solved. Let us act on both sides of Eq. (4..58) by the operator e^{−i(θσmθ̄)∂m}

e^{−i(θσmθ̄)∂m}D̄_{α̇}e^{i(θσmθ̄)∂m} e^{−i(θσmθ̄)∂m} Φ = 0. (4..59) Due to the identity

e^{−i(θσmθ̄)∂m}D̄_{α̇}e^{i(θσmθ̄)∂m} = e^{−i(θσmθ̄)∂m} ( ¯∂_{α̇} +iθ^ασ^m_{αα̇}∂_m)e^{i(θσmθ̄)∂m} = − ¯∂_{α̇}, (4..60) Eq. (4..59) is simplified

¯∂_{α̇} ( e^{−i(θσmθ̄)∂m} Φ(x, θ, θ̄) ) = 0. (4..61)

Hence, the function e^{−i(θσmθ̄)∂m} Φ(x, θ, θ̄) is independent on θ̄_{α̇} variables, i.e., e^{−i(θσmθ̄)∂m} Φ(x, θ, θ̄) = Φ(x, θ), (4..62) where Φ(x, θ) is an arbitrary superfield depending on x^m and θ_α variables only. As a result, the solution of (4..63) is written as follows

Φ(x, θ, θ̄) = e^{i(θσmθ̄)∂m} Φ(x, θ) = Φ(x + iθσ^mθ̄, θ). (4..63) A superfield satisfying the constraint (4..58) is called chiral superfield. Eq. (4..63) defines a general form of a chiral superfield. It is important to emphasize that the chiral superfield is obligatory complex. Analogously, consider the constraint D_αΦ̄(x, θ, θ̄) = 0. (4..64)

A superfield satisfying the constraint (4..64) is called antichiral. One can show that a solution of (4..64) has the form

Φ̄(x, θ, θ̄) = e^{−i(θσmθ̄)∂}mΦ̄(x, θ̄) = Φ̄(x − iθσ^mθ̄, θ̄). (4..65) As a result, we see that the basic features of chiral and antichiral superfields are given by the special dependance on anticommuting variables: a chiral superfield depends essentially only on θ while an antichiral one depends essentially on θ̄ only.

Equations (4..63), (4..65) allow us to find the component structure of chiral and antichiral superfields. We begin with Eq. (4..63). Since Φ(x, θ) is θ̄- independent, it is given by the following component decomposition Φ(x, θ) = A(x) + θ^αψ_α(x) + θ^2F (x). (4..66) Hence

Φ(x, θ, θ̄) = e^{i(θσmθ̄)∂m} Φ(x, θ) = e^{i(θσmθ̄)∂m} (A(x) + θ^αψ_α + θ^2F (x)) = A + θ^αψ_α + θ^2F + i(θσ^mθ̄)∂_mA + i(θσ^mθ̄)θ^α∂_mψ_α − 1 2 (θσ^mθ̄)(θσ^nθ̄)∂_m∂_nA. (4..67)

Now we have to use the identities (4..10) to simplify the following terms

i(θσ^mθ̄)θ^α∂_mψ_α = i 2 (θ^2θ_{α̇}(σ̃^m)^{α̇α}∂_mψ_α), − 1 2 (θσ^mθ̄)(θσ^nθ̄)∂_m∂_nA = − 1 4 θ^2θ̄^2□A. (4..68)

As a result, the component expansion of the chiral superfield is Φ(x, θ, θ̄) = A + θ^αψ_α + θ^2F + i(θσ^mθ̄)∂_mA (4..69) + i 2 θ^2θ_{α̇}(σ̃^m)^{α̇α}∂_mψ_α − 1 4 θ^2θ̄^2□A(x).

The component expansion for antichiral superfield can be obtained from (4..69) by conjugation.

Let us study the transformations of a chiral superfield under supertranslations. There is a general relation δΦ = i(ϵ^αQ_α + ϵ̄_{α̇}Q̄^{α̇})Φ, (4..70) which takes place for arbitrary superfield. Substituting the chiral superfield in the form (4..69) into (4..70), ones get δA + iθ^αδΨ_α + θ^2δF + ... = i(ϵ^αQ_α − ϵ̄^{α̇}Q̄_{α̇})(A + θ^βψ_β + θ^2F + ...), (4..71) where dots mean the other components which are expressed via A, ψ_α, F according to Eq. (4..69). Then we have to substitute the explicit forms of supercharges Q_α, Q̄_{α̇}, (4..45), and compute the derivatives with respect to θ_α, θ̄_{α̇}. As a result, one gets

δA(x) = −ϵ^αψ_α(x), δψ_α(x) = −2ϵ_αF (x) − 2iϵ̄^{α̇}∂_{αα̇}A(x), (4..72) δF (x) = −iϵ̄_{α̇}(σ̃^m)^{α̇α}∂_mψ_α.

The same consideration for antichiral superfield gives

δĀ(x) = −ϵ̄_{α̇}ψ̄^{α̇}(x), δψ̄_{α̇}(x) = −2ϵ̄_{α̇}F̄ (x) − 2iϵ^α∂_{αα̇}Ā(x), (4..73) δF̄ (x) = iϵ^α(σ^m)_{αα̇}∂_mψ̄^{α̇}.

In the conclusion of this subsection we point out that any function of a chiral superfield only is also a chiral superfield: D̄_{α̇}f(Φ) = f^′(Φ)D̄_{α̇}Φ = 0. (4..74)

Analogously, any function of antichiral superfield is also a antichiral superfield.

5. Superfield models 5.1. Superfield action Any field model in quantum field theory is given by a set of fields and corresponding action functional depending on these fields. The action is usually written as an integral over the Minkowski space of a Lorenz invariant Lagrangian. We are going to develop a formulation of supersymmetric field theory, where a set of fields consists of superfields and the action functional is written as an integral over the superspace of a superfield Lagrangian. We consider only the simplest models when the set of fields consists only of the real scalar superfield V (x, θ, θ̄) and the chiral and antichiral superfields Φ, Φ̄.

First of all, let us introduce the notations. i) The superspace coordinates are denoted as

z^M ≡ (x^m, θ^α, θ̄^{α̇}). (5..1)

ii) The set of supercovariant derivatives is denoted as

D_M = (∂_m, D_α, D̄_{α̇}). (5..2) iii) The measure of full N = 1 superspace is denoted as

d^8z = d^4xd^2θd^2θ̄ = d^4xd^4θ, (5..3) while the measures on chiral and antichiral subspaces are

d^6z = d^4xd^2θ, d^6z̄ = d^4xd^2θ̄, (5..4) respectively.

iv) The superspace delta-function is given by

δ^8(z − z^′) = δ^4(x − x^′)δ^4(θ − θ^′), (5..5) where

δ^4(θ − θ^′) = δ^2(θ − θ^′)δ^2(θ̄ − θ̄^′) = (θ − θ^′)^2(θ̄ − θ̄^′)^2. (5..6)

The most general action functional, which can be written as an integral over the superspace, has the form S = ∫ d^8zL + ∫ d^6zL_c + ∫ d^6z̄L̄_c, (5..7)

where L is a real scalar superfield, L_c is a chiral scalar superfield and L̄_c is an antichiral scalar one. The first term in Eq. (5..7) is given by the integral over full superspace, the second term represents the integral over chiral superspace and the last one is the integral over antichiral superspace. One can ask a question, why not to write the following term ∫ d^8zL_c, i.e., to integrate a chiral function L_c over full superspace? The answer sounds as follows: such an expression identically vanish. Indeed, using the properties of the integral over anticommuting variables, Eqs. (4..21)– (4..25), one writes ∫ d^8zL_c = ∫ d^4xd^2θ 1 4 ε_{α̇β̇} ¯∂^{α̇} ¯∂^{β̇}L_c = 1 4 ∫ d^4xd^2θ ¯∂_{α̇} ¯∂^{α̇}L_c. (5..8)

Note that the contraction of covariant spinor derivatives can be written as D̄_{α̇}D̄^{α̇} = (− ¯∂_{α̇} − iθ^α∂_{αα̇})( ¯∂^{α̇} − iθ^α∂_α^{α̇})

= − ¯∂_{α̇} ¯∂^{α̇} + total space-time derivatives. (5..9) Note also the similar relation for D_α derivatives D^αD_α = −∂^α∂_α + total space-time derivatives. (5..10) Since total space-time derivatives can be discarded under the integration over d^4x , the expression (5..8) reads 1 4 ∫ d^4xd^2θ ¯∂_{α̇} ¯∂^{α̇}L_c = ∫ d^4xd^2θ(− 1 4 )D̄_{α̇}D̄^{α̇}L_c. (5..11)

Recalling the definition of a chiral superfield, D̄_{α̇}L_c = 0, we conclude that ∫ d^8zL_c = 0. (5..12)

Analogously ∫ d^8zL̄_c = 0. (5..13)

In principle, the integration over all anticommuting variables in the action (5..7) can be performed resulting to the action in the component form as an integral over Minkowski space. Indeed, since all integrals over anticommuting variables are nothing but the Grassmann derivatives, we have S = 1 16 ∫ d^4x∂^2 ¯∂^2L + 1 4 ∫ d^4x∂^2L_c + 1 4 ∫ d^4x ¯∂^2L̄_c. (5..14)

Applying the relations (5..9), (5..10), one gets S = ∫ d^4x ( 1 16 D^2D̄^2L − 1 4 D^2L_c − 1 4 D̄^2L̄_c ) . (5..15)

This relation is useful for finding a component form of superfield actions. The main objects of classical field theory are the equations of motion. In the case under consideration the equations of motion can be written completely in superfield form. To find the superfield equations of motions we need the superfield identities generalizing the following useful relation in convential field theory δϕ(x) δϕ(x^′)

= δ^4(x − x^′) (5..16)

for arbitrary scalar field ϕ(x). In our case we have a real scalar superfield V , a chiral scalar superfield Φ and an antichiral one Φ̄. Therefore we have to calculate the following variational derivatives

δV (z) δV (z^′) , δΦ(z) δΦ(z^′) , δΦ̄(z) δΦ̄(z^′)

. (5..17)

The first case δV (z)/δV (z^′) is rather trivial. Indeed, due to the identity

δV (z) = ∫ d^8z^′δ^8(z − z^′)δV (z^′), (5..18)

we have δV (z) δV (z^′)

= δ^8(z − z^′). (5..19)

The calculation of the second variational derivative δΦ(z)/δΦ(z^′) is more complicated since Φ(z) is a constrained superfield, D̄_{α̇}Φ = 0. The Φ(z) and δΦ(z) are chiral superfields, therefore they should be integrated over the chiral superspace with the measure d^6z. Hence

δΦ(z) = ∫ d^6z^′ δΦ(z) δΦ(z^′) δΦ(z^′) = ∫ d^8z^′δ^8(z − z^′)δΦ(z^′). (5..20)

The last term in Eq. (5..20) can be transformed as follows ∫ d^8z^′δ^8(z − z^′)δΦ(z^′) = − 1 4 ∫ d^6z^′D̄^2_{(z}′_)δ^8(z − z^′)δΦ(z^′) = ∫ d^6z^′[− 1 4 D̄^2_{(z)}δ^8(z − z^′)]δΦ(z^′), (5..21)

where we apply the same tricks as in the equations (5..8)–(5..11). As a result, we find δΦ(z) δΦ(z^′) = − 1 4 D̄^2δ^8(z − z^′). (5..22)

Analogously, one ones get the last variational derivative in Eq. (5..17)

δΦ̄(z) δΦ̄(z^′) = − 1 4 D^2δ^8(z − z^′). (5..23)

Due to the properties of the spinor derivatives, (4..55), it is easy to see that the expressions (5..22) and (5..23) are chiral and antichiral superfields, respectively, with respect to both their argument z and z^′. To conclude this subsection ones point out that, in general, the explicit Lagrangian construction is an art rather then a formal technical procedure. Here we study only the Lagrangians for the simple enough supersymmetric theories such as Wess-Zumino model, supersymmetric sigma-model and super Yang-Mills model.

5.2. Wess-Zumino model The Wess-Zumino model describes a dynamics of chiral and antichiral superfields. The most general action depending on these superfields without higher space-time derivatives looks like

S[Φ, Φ̄] = ∫ d^8zK(Φ, Φ̄) + ∫ d^6zW (Φ) + ∫ d^6z̄W̄ (Φ̄), (5..24)

where K(Φ, Φ̄) is a real function of complex superfields Φ and Φ̄, W (Φ) is a function of chiral superfield Φ while W̄ (Φ̄) is a function conjugated to W (Φ).

The inquiring readers can ask, where there are the derivatives in this action at all? To answer, we point out that the derivatives are encoded in the definitions of chiral and antichiral superfields, see Eqs. (4..63), (4..65). Therefore, the term in (5..24) with the function K(Φ, Φ̄) does contain the space-time derivatives and is responsible for the kinetic terms for the component fields. However, do to the expressions (4..63), (4..65), the terms with the functions W (Φ), W̄ (Φ̄) do not contain the derivatives. Indeed, for any chiral superfield Φ(z) we have ∫ d^6zΦ(z) = ∫ d^6ze^{i(θσmθ̄)∂m} Φ(x, θ) (5..25) = ∫ d^6z[Φ(x, θ) + total space-time derivatives] = ∫ d^6zΦ(x, θ),

where Eq. (4..63) has been applied. On these grounds, the following term ∫ d^8zK(Φ, Φ̄) is usually called the kinetic term while W (Φ) and W̄ (Φ̄) are called chiral and antichiral superpotentials, respectively.

Historically, the Wess-Zumino model was the first supersymmetric field theory. It corresponds to the following particular choice of the functions K(Φ, Φ̄), W (Φ), W̄ (Φ) in the action (5..24):

K(Φ, Φ̄) = Φ̄Φ,

W (Φ) = m 2 Φ^2 + λ 3! Φ^3, (5..26)

W̄ (Φ̄) = m 2 Φ̄^2 + λ 3! Φ̄^3,

where m is a mass and λ is a coupling constant. The action (5..24) now reads

S_{W Z} = ∫ d^8zΦ̄Φ + ∫ d^6z ( m 2 Φ^2 + λ 3! Φ^3 )

+ ∫ d^6z̄ ( m 2 Φ̄^2 + λ 3! Φ̄^3 ) . (5..27)

At present, the models of chiral and antichiral superfields with the action like Eq. (5..24) emerge in the low-energy limit of a superstring theory. In this case the the functions K(Φ, Φ̄), W (Φ), W̄ (Φ̄) have the special , more complicated form than (5..26).

Let us consider now the derivation of equations of motion corresponding to the action (5..24). As follows from Eq. (4..65), the superfield Φ̄(z) essentially depends only on (x, θ̄) coordinates. Therefore, the variation of action S with respect to Φ̄(z) is defined as an integral over the antichiral superspace δ¯_ΦS = ∫ d^6z̄ δS δΦ̄(z) δΦ̄(z). (5..28)

For the variation of the action (5..24) we have

δ¯_ΦS = ∫ d^8z ∂K ∂Φ̄ δΦ̄(z) + ∫ d^6z̄ ∂W̄ ∂Φ̄ δΦ̄(z). (5..29)

The integral over the full superspace in (5..29) can be transformed to the integral over the antichiral superspace, ∫ d^8z ∂K ∂Φ̄ δΦ̄(z) = ∫ d^6z̄ ( − 1 4 D^2 ∂K ∂Φ̄ ) δΦ̄(z). (5..30)

Note that the spinor derivatives D_α in Eq. (5..30) do not act on the superfield δΦ̄ sine it is antichiral, D_αδΦ̄ = 0. Therefore, the equation (5..28) can be rewritten as follows

δ¯_ΦS = ∫ d^6z̄ ( − 1 4 D^2 ∂K ∂Φ̄ + ∂W̄ ∂Φ̄ ) δΦ̄(z). (5..31)

As a result, comparing (5..31) with the definition (5..28), we conclude δS δΦ̄ = − 1 4 D^2 ∂K ∂Φ̄ + ∂W̄ ∂Φ̄ . (5..32)

Analogously, δS δΦ = − 1 4 D̄^2 ∂K ∂Φ + ∂W ∂Φ . (5..33)

Note that the expressions (5..32) and (5..33) are chiral and antichiral, respectively, D_α δS δΦ̄ = 0, D̄_{α̇} δS δΦ = 0. (5..34)

From the Eqs. (5..32,5..33) we obtain the equations of motion in the model (5..24) − 1 4 D^2 ∂K ∂Φ̄ + ∂W̄ ∂Φ̄ = 0, − 1 4 D̄^2 ∂K ∂Φ + ∂W ∂Φ = 0. (5..35)

Further, we will consider only the Wess-Zumino model which is given by the conditions (5..26). In such a case the equations of motion (5..35) are written as follows − 1 4 D^2Φ + mΦ̄ + λ 2 Φ̄^2 = 0, −1 4 D̄^2Φ̄ + mΦ + λ 2 Φ^2 = 0. (5..36)

The next problem we will study is the component form of the Wess-Zumino model. For this purpose we represent the chiral and antichiral superfields in the form Φ(z) = e^{i(θσmθ̄)∂m} (A + θ^αψ_α + θ^2F ), Φ̄(z) = e^{−i(θσmθ̄)∂}m (Ā + θ̄_{α̇}ψ^{α̇} + θ̄^2F̄ )

(5..37) and substitute these expressions into the action (5..27)

S_{W Z} = ∫ d^8zΦ̄(x, θ̄)e^{2i(θσmθ̄)∂m} Φ(x, θ) (5..38) + {∫ d^6z ( m 2 Φ(x, θ) + λ 3! Φ^3(x, θ) ) + complex conjugate } . Here we transferred the operator e^{−i(θσmθ̄)∂m} from Φ̄ to Φ using the integration by parts. As to the integrals over chiral and antichiral superspaces, the factors e^{±i(θσmθ̄)∂m} can be discarded here since we omit the total derivatives. The next step is to apply the identity (5..15) and calculate the spinor derivatives under the integrals. These calculations can be simplified if we take into account the following properties of a Berezin integral. The integral ∫ d^4θV singles out only the coefficient at θ^2θ̄^2 in a superfield V . Analogously, the integral ∫ d^2θΦ gives the coefficient at θ^2 in the expansion of a chiral superfield Φ. Therefore, to find the component form of ∫ d^8zΦ̄Φ it is necessary to multiply Φ̄ on Φ and extract the only term proportional to θ^2θ̄^2. To find the component form of ∫ d^6z(^m_2 Φ^2 +^λ_{3!} Φ^3) it is sufficient to extract only terms with θ^2 in the expression^m_2 Φ^2 +^λ_{3!} Φ^3. The result of these computations has the form

S_{W Z} = ∫ d^4x { −∂^mĀ∂_mA − i 2 ψ^ασ^m_{αα̇}∂_mψ̄^{α̇} + F̄ F + F (mA + λ 2 A^2)

+ F̄ (mĀ + λ 2 Ā^2) − 1 4 (m + λA)ψ^αψ_α − 1 4 (m + λĀ)ψ̄_{α̇}ψ̄^{α̇} } . (5..39)

In principle, the action (5..39) can be expressed in terms of standard fourcomponent spinors instead of two-component ones. For this purpose we introduce the Dirac γ-matrices

γ^m = ( 0 σ^m σ̃^m 0 ) , γ_5 = −iγ_0γ_1γ_2γ_3 = ( σ_0 0 0 −σ_0 ) , (5..40)

and four-component Majorana spinors Ψ = 1 √ 2 ( ψ_α ψ̄α̇ ) , Ψ̄ = Ψ^+γ^0 = 1 √ 2 ( ψ^α, ψ̄_{α̇} ) . (5..41)

It is a technical exercise to check that the action (5..39) in term of spinors (5..41) can be rewritten as

S_{W Z} = ∫ d^4x { −∂^mĀ∂_mA + F̄ F + F (mA + λ 2 A^2) + F̄ (mĀ + λ 2 Ā^2) − i 2 Ψ̄γ^m∂_mΨ − 1 4 (m + λA)Ψ̄(1 + γ_5)Ψ − 1 4 (m + λĀ)Ψ̄(1 − γ_5)Ψ } .(5..42)

Let us consider now the equations of motion corresponding to the component action (5..39)

□Ā + F (m + λA) − 1 4 λψ^αψ_α = 0,

iσ^m_{αα̇}∂_mψ̄^{α̇} − (m + λA)ψ_α = 0, (5..43) F̄ + (mA + λ 2 A^2) = 0.

We see that the component fields F and F̄ enter the equations (5..43) without derivatives and, therefore, have no non-trivial dynamics. These fields can be expressed algebraically from the equations of motion

F = −(mĀ + λ 2 Ā^2), F̄ = −(mA + λ 2 A^2). (5..44)

Such fields are called auxiliary fields. Substitute the auxiliary fields (5..44) back into the action (5..39) or (5..42)

S̃_{W Z} = ∫ d^4x{Ā(□ + m^2)A + 1 2 Ψ̄(iγ^m∂_m + m)Ψ + 1 2 mλ(A + Ā)ĀA + 1 4 λ^2(ĀA)^2 (5..45) + 1 4 λ(A + Ā)Ψ̄Ψ + 1 4 λ(A − Ā)Ψ̄γ_5Ψ}.

As a result, we see that the model under consideration is one of complex scalar field A and Majorana spinor field Ψ with special cubic and quartic scalar self-interactions and special Yukawa coupling. Bosonic and fermionic fields have the same mass m.

To conclude this subsection we will discuss briefly the role of auxiliary fields. As we see, the theory under consideration can be formulated without these fields. The natural question is why we need them? To clarify this question let us write the supersymmetry transformations of component fields (4..72), (4..73)

δA(x) = −ϵ^αψ_α(x), δψ_α(x) = −2ϵ_αF (x) − 2iϵ̄^{α̇}∂_{αα̇}A(x), δF (x) = −iϵ̄_{α̇}(σ̃^m)^{α̇α}∂_mψ_α, (5..46) δĀ(x) = −ϵ̄_{α̇}ψ̄^{α̇}(x), δψ̄_{α̇}(x) = −2ϵ̄_{α̇}F̄ (x) + 2iϵ^α∂_{αα̇}Ā(x), δF̄ (x) = iϵ^α(σ̃^m)_{αα̇}∂_mψ̄^{α̇}.

Substituting the auxiliary fields from equations of motion (5..44) to the above relations, one gets

δA = −ϵ^αψ_α, δĀ = −ϵ̄_{α̇}ψ̄^{α̇},

δψ_α = 2ϵ_α(mĀ + λ 2 Ā^2) − 2iϵ̄^{α̇}∂_{αα̇}A, (5..47)

δψ̄_{α̇} = 2ϵ_{α̇}(mA + λ 2 A^2) + 2iϵ^α∂_{αα̇}Ā.

The action S̃_{W Z} (5..45) is automatically invariant under the transformations (5..47). However, let us calculate the commutators of the transformations (5..47) with two different parameters ϵ_1, ϵ_2. The result has the form

[δ_{ϵ1} , δ_{ϵ2} ]A = a^m∂_mA, (5..48)

[δ_{ϵ1} , δ_{ϵ2} ]ψ_α = a^m∂_mψ_α + ia_{αα̇}

S̃_{W Z} δψ̄_{α̇}

, (5..49)

where a^m = 2i(ϵ^α_1 σ^m_{αα̇}ϵ̄^{α̇}_2 − ϵ^α_2 σ^m_{αα̇}ϵ^{α̇}_1 ), a_{αα̇} = σ^m_{αα̇}a_m. The equation (5..49) shows that the supersymmetry algebra is broken when the auxiliary fields are eliminated. This algebra is closed only on the equations of motion for spinor fields S̃_{W Z} /δψ̄_α = 0. Hence, the supersymmetry algebra in the theory without auxiliary fields is closed only on-shell (on equations of motion). This explains the role of auxiliary fields: they are responsible for off-shell closure of the supersymmetry algebra.

Let us return back to the superfield formulation of the Wess-Zumino theory (5..27). It has two attractive points in comparison with the component formulation (5..39):

i) Using the superfield formulation we work with a single object Φ(z) instead of dealing with set of component fields A, Ψ_α, F in the component formulation.

ii) The supersymmetry algebra is automatically closed off-shell.

5.3. Supersymmetric sigma-model Conventional (non-supersymmetric) sigma-model is defined as a scalar field theory with the action

S[φ] = − 1 2 ∫ d^4xg_{ij} (φ)∂_mφ^i∂^mφ^j , (5..50)

where φ^i is a set of scalar fields, i = 1, 2, . . . , n. These fields are considered as the coordinates on a Riemann manifold with the metric g_{ij} (φ). The action (5..50) is invariant under the following reparametrization transformations φ^i → φ^{′i} = f^i(φ),

g_{ij} (φ) → g^′_{ij} (φ^′) =

∂φ^k ∂φ^{′i}

∂φ^l ∂φ^{′j} g_{kl}(φ),

(5..51)

where f^i(φ) are arbitrary smooth functions. We consider here a supersymmetric generalization of this model.

A supersymmetric sigma-model is a dynamical theory of a set a chiral and antichiral superfields Φ^i(z) Φ̄^i(z) numerated by the indices i, i = 1, 2, . . . , n with the action

S_σ[Φ, Φ̄] = ∫ d^8zK(Φ, Φ̄), (5..52)

where K(Φ, Φ̄) is a real function of n complex variables Φ^i and their conjugate Φ̄^i. The function K(Φ, Φ̄) is defined up to the following transformations K(Φ, Φ̄) → K(Φ, Φ̄) + Λ(Φ) + Λ̄(Φ̄), (5..53)

where Λ(Φ) is an arbitrary holomorphic function of n complex variables Φ^i. Originally, the model (5..52) was suggested by B. Zumino. It can be treated as a generalization of the kinetic term in the Wess-Zumino model (5..27) since here we consider n chiral superfields Φ^i instead one Φ and the action (5..52) includes an arbitrary function K instead of the special one K = ΦΦ̄.

To clarify the relation of the model (5..52) to the sigma-model (5..50), let us find the component form of the action (5..52). For this purpose we write the component form of superfields as

Φ^i = A^i + θ^αψ_α^i + θ^2F^i + ..., Φ̄i = Āi + θ̄_{α̇}ψ̄α̇i + θ̄2F̄ i + ...,

(5..54)

where dots mean the terms with spatial derivatives of component fields. The general procedure of getting the component form of a superfield action is discussed in subsection 5.1.. Following this procedure we represent the action (5..52) as

S_σ = ∫ d^4x 1 16 D^2D̄^2K(Φ, Φ̄) = ∫ d^4xL. (5..55)

To find the function L we have to fulfil the straightforward calculations according (5..15) taking into account that D̄_{α̇}Φ^i = 0, D_αΦ̄^i = 0. The final result is written as follows:

L = −K_{ij}(∂^mĀ^j∂_mA^i − F̄^jF^i + i 4 ψ^{iα}σ^m_{αα̇} ←→ ∂ ψ̄^{jα̇}) − 1 4 K_{iji}(F̄^iψ^{iα}ψ^j_α − i∂_mA^iψ^{jα}σ^m_{αα̇}ψ̄^{α̇i}) − 1 4 K_{iij} (F^iψ̄^i_{α̇}ψ̄^{jα̇} + i∂_mĀ^iψ^{iα}σ^m_{αα̇}ψ̄^{α̇j} ) + 1 16 K_{ijij} (ψ^{iα}ψ^j_αψ̄^i_{α̇}ψ̄^{α̇j} ), (5..56)

where we have used the notation

K_{i1...ipi1...iq} =

∂^{p+q}K(A, Ā) ∂A^{i1} ...∂A^{ip} ∂Ā^i1 ...∂Ā^{iq}

. (5..57)

Comparing Eq. (5..56) with (5..50), we see that in purely scalar sector we get a sigma-model of complex scalar fields A^i with the metric

g_{ij} (A, Ā) =

∂^2K(A, Ā) ∂A^i∂Ā^j

. (5..58)

The metric of the form (5..58) defines the so called Kähler geometry and the function K(A, Ā) is called Kähler potential.

The model (5..56) is described by complex scalar fields A^i, spinor fields ψ^i_α and auxiliary fields F^i. It is convenient to rewrite the Lagrangian (5..56) in some another form. Let us introduce the fields

F^i = F^i − 1 4 Γ^i_{jk}ψ^{αj} ψ^k_α, (5..59)

where Γ^i_{jk} are the Cristoffel symbols calculated for the metric g_{ij} (5..58) where all derivatives are taken with respect to A^i but not to Ā^i. Then one gets

L = −g_{ij}(∂_mĀ^j − ∂_mA^i − F̄^j F^i + i 4 ψ^{iα̇}σ^m_{αα̇} ←→ ∇_mψ^{jα̇}) + 1 16 R_{ijkl}ψ^{iα}ψ^k_αψ̄^j_{α̇}ψ̄^{lα̇}, (5..60)

where R_{ijkl} is a curvature tensor

R_{ijkl} =

∂^2g_{ij} ∂A^k∂Ā^l

− g^{pq}

∂g_{iq} ∂A^k

∂g_{pj} ∂Ā^l

= K_{ijkl} − g^{pq}K_{ikq}K_{pjl}. (5..61)

The symbol ∇_m denotes a target-space covariant derivative

∇_mψ^i_α = ∂_mψ^i_α + Γ^i_{jl}(∂_mA^j )ψ^l_α, ∇_mψ̄^i_{α̇} = ∂_mψ̄^i_{α̇} + Γ^i_{jl}(∂_mĀ^i)ψ̄^l_{α̇}.

(5..62)

The equation (5..89) shows that the supersymmetric sigma-model is expressed completely in terms of geometrical objects as well as the conventional sigma-model.

5.4. Supersymmetric Yang-Mills theories To formulate the supersymmetric Yang-Mills theory we begin with the model of chiral Φ^i and antichiral Φ̄_i superfields (Φ̄_i = (Φ^i)^∗) with the action S = ∫ d^8zΦ̄_iΦ^i. (5..63)

We assume that these fields carry out a representation of some compact Lie group. This means that they transform as follows

Φ^i → Φ^{′i} = (e^{iΛ})^i_jΦ^j, Φ̄_i → Φ̄^′_i = Φ̄_j(e^{−iΛ})^j_i, (5..64)

where Λ = Λ^I T^I , Λ^I are some constant parameters and (T^I )^i_j are the Hermitian generators satisfying the commutation relation

[T^I , T^J ] = if^{IJK}T^K (5..65)

with f^{IJK} being the structure constants. It is evident that the action (5..63) is invariant under the transformations of the type (5..64). Now let us apply a standard trick of localizing the parameters Λ^I , i.e., we assume that they are some functions of x. Note that the superfields, Φ and Φ̄ are chiral and antichiral, respectively. To preserve this property we have to modify the transformations (5..64) considering their as local in superspace Φ^{′i} = (e^{iΛ})^i_j Φ^j, Φ̄^′_i = Φ̄_j(e^{−iΛ̄})^j_i, (5..66)

where Λ is a chiral superfield and Λ̄ is antichiral one,

Λ = Λ^I (z)T^I , D̄_{α̇}Λ^I (z) = 0, Λ̄ = Λ̄^I (z)T^I , D_αΛ̄^I (z) = 0.

(5..67)

In the matrix form the equations (5..66) are written as

Φ^′ = e^{iΛ}Φ, Φ̄^′ = Φ̄e^{−iΛ̄}. (5..68)

However, now the action (5..63) is not invariant under the transformations (5..68). Indeed,

S^′ = ∫ d^8zΦ̄^′Φ^′ = ∫ d^8zΦ̄e^{−iΛ̄}e^{iΛ}Φ ≠ ∫ d^8zΦ̄Φ. (5..69)

To provide the invariance under the transformations (5..66), (5..67), we modify the action (5..63) by introduction of a gauge superfield. It means we consider the new action S = ∫ d^8zΦ̄_i(e^{2V} )^i_jΦ^j ≡ ∫ d^8zΦ̄e^{2V} Φ, (5..70)

where V = V^I (z)T^I and V^I (z) is a real scalar superfield. The transformation law of the superfield V is fixed by requirement that action (5..70) is invariant under (5..68) ∫ d^8zΦ̄^′e^{2V ′} Φ^′ = ∫ d^8zΦ̄e^{−iΛ̄}e^{2V ′} e^{iΛ}Φ^′ = ∫ d^8zΦ̄e^{2V} Φ. (5..71)

Hence, we conclude e^{−iΛ̄}e^{2V ′} e^{iΛ} = e^{2V} . (5..72) Thus, if the superfield V (z) transforms by the rule (5..72) and the superfields Φ(z), Φ̄(z) transform according to Eq. (5..68), the action (5..70) remains invariant. The superfield V (z) is called gauge superfield and the transformations (5..66), (5..67), (5..72) are called supergauge transformations. Also V (z) is called Yang-Mills superfield. The superfields ΛandΛ̄ are called the gauge superfield parameters.

Since we have introduced a new field into the theory, we have to find the action for this field. Let us introduce the following superfields

W_α = − 1 8 D̄^2(e^{−2V} D_αe^{2V} ), W̄_{α̇} = −1 8 D^2(e^{2V} D̄_{α̇}e^{−2V} ). (5..73)

It is clear that W_α and W̄_{α̇} are chiral and antichiral superfields, respectively, D̄_{α̇}W_α = 0, D_αW̄_{α̇} = 0. (5..74)

One can prove that they are the Lie-algebra-valued superfields

W_α = W^I_αT^I , W̄_{α̇} = W̄^I_{α̇}T^I . (5..75)

It is easy to see that W_α, W̄_{α̇} transform covariantly under the supergauge transformations (5..72). Indeed,

W^′_α = − 1 8 D̄^2(e^{−2V ′} D_αe^{2V} ) = e^{iΛ}W_αe^{−iΛ} − 1 8 e^{iΛ}D̄^2D_αe^{−iΛ}

= e^{iΛ}W_αe^{−iΛ}, (5..76) where we have used the relation (4..57e) and the chirality of e^{−iΛ}. Analogously, W̄^′_{α̇} = e^{iΛ̄}W̄_{α̇}e^{−iΛ̄}. (5..77) As a consequence of Eqs. (5..76), (5..77), the following quantities

tr(W^αW_α), tr(W̄_{α̇}W̄^{α̇}) (5..78) are invariant under the supergauge transformations. Here “tr” denotes the trace over the matrix indices of the generators. Therefore, we can define the action for the gauge superfield in the form

S_{SY M} = 1 4g^2 ∫ d^6z tr(W^αW_α) + 1 4g^2 ∫ d^6z̄ tr(W̄_{α̇}W̄^{α̇}), (5..79)

where g is a coupling constant. The superfields (5..76), (5..77) are called the superfield strengths. The action (5..79) is considered as action of supersymmetric Yang-Mills theory. Moreover, one can show that (up to total divergence) ∫ d^6z tr(W^αW_α) = ∫ d^6z̄ tr(W̄_{α̇}W̄^{α̇}). (5..80)

Therefore, the final form of the action of super Yang-Mills theory is

S_{SY M} [V ] = 1 2g^2 ∫ d^6z tr(W^αW_α). (5..81)

As a result, the action of super Yang-Mills theory coupled to supersymmetric matter is written as

S[V, Φ, Φ̄] = 1 2g^2 ∫ d^6z tr(W^αW_α) + ∫ d^8zΦ̄e^{2V} Φ. (5..82)

Further we will discuss two aspects. First, we will find the superfield equations of motion for the theory (5..82) and, second, the component form of the action (5..82).

To derive the superfield equations of motion, we consider the variation of (5..81)

δS_{SY M} [V ] = 1 g^2 ∫ d^6z tr(δW^αW_α) = − 1 8g^2 ∫ d^6z D̄^2tr ( δ(e^{−2V} D_αe^{2V} )W^α ) (5..83) = 1 2g^2 ∫ d^8z tr ( δ(e^{−2V} D_αe^{2V} )W^α ) . Here we have used Eq. (5..73) at the second line and equations (5..8), (5..11) at the third one. Due to the identity e^{−2V} e^{2V} = 1, one gets

δe^{−2V} = e^{−2V} (δe^{2V} )e^{−2V} . (5..84)

Applying Eq. (5..84), the variation (5..83) reads

δS_{SY M} [V ] = 1 2g^2 ∫ d^8z tr { −e^{−2V} (δe^{2V} )e^{−2V} D^αe^{2V} + e^{−2V} (D^αδe^{2V} ) } W_α.

(5..85) Now, using the property tr[e^{−2V} (D^αδe^{2V} )W_α] = tr[(D^αe^{2V} )W_αe^{−2V} ] and integration by parts, after some calculations one gets

δS_{SY M} [V ] = − 1 2g^2 ∫ d^8z tr(e^{−2V} δe^{2V} )[D^αW_α

+ (e^{−2V} D^αe^{2V} )W_α + W_α(e^{−2V} D^αe^{2V} )]. (5..86)

From the variation (5..86) we see that the superfield equation of motion for gauge superfield is given by

[D^αW_α + (e^{−2V} D^αe^{2V} )W_α + W_α(e^{−2V} D^αe^{2V} )] = 0. (5..87)

Let us introduce the operator D^α

D_α = D_α + iΓ_α, (5..88)

where iΓ_α = e^{−2V} (D_αe^{2V} ), (5..89)

which acts on the superfield W_α by the rule

D^αW_α = D^αW_α + i{Γ^α, W_α}. (5..90)

Using this operator (5..88), the equation of motion of super Yang-Mills theory (5..87) is written in compact form

D^αW_α = 0. (5..91)

Now it is a good exercise to show that this equation (5..91) is invariant under supergauge transformations.

D^{′α}W^′_α = e^{iΛ}(D^αW_α)e^{−iΛ} = 0. (5..92)

Indeed,

D^{′α}W^′_α = D^αW^′_α + e^{−2V ′} (D^αe^{2V ′} )W^′_α + W^′_αe^{−2V} (D^αe^{2V ′} ) = W^α(e^{iΛ}W_αe^{−iΛ}) + e^{iΛ}e^{−2V} e^{−iΛ̄}D^α(e^{iΛ̄}e^{2V} e^{−iΛ})e^{iΛ}W_αe^{−iΛ} + e^{iΛ}W_αe^{−iΛ}e^{iΛ}e^{−2V} e^{−iΛ̄}D^α(e^{iΛ̄}e^{2V} e^{−iΛ}) = (D^αe^{iΛ})W_αe^{−iΛ} + e^{iΛ}(D^αW_α)e^{−iΛ} − e^{iΛ}W_α(D^αe^{−iΛ}) + e^{iΛ}e^{−2V} D^α(e^{2V} e^{−iΛ})e^{iΛ}W_αe^{−iΛ} + e^{iΛ}W_αe^{−2V} D^α(e^{2V} e^{−iΛ}) (5..93) = (D^αe^{iΛ})W_αe^{−iΛ} + e^{iΛ}(D^αW_α)e^{−iΛ} − e^{iΛ}W_α(D^αe^{−iΛ}) + e^{iΛ}e^{−2V} (D^αe^{2V} )W_αe^{−iΛ} + e^{iΛ}(D^αe^{−iΛ})e^{iΛ}W_αe^{−iΛ} + e^{iΛ}W_αe^{−2V} (D^αe^{2V} )e^{−iΛ} + e^{iΛ}W_α(D^αe^{−iΛ}) = e^{iΛ}[D^αW_α + e^{−2V} (D^αe^{2V} )W_α + W_αe^{−2V} (D^αe^{2V} )]e^{−iΛ} + (D^αe^{iΛ})W_αe^{−iΛ} + e^{iΛ}(D^αe^{−iΛ})e^{−Λ}W_αe^{−iΛ}.

Due to the identity

e^{iΛ}(D^αe^{−iΛ})e^{iΛ}W_αe^{−iΛ} = −(D^αe^{iΛ})W_αe^{−iΛ}, (5..94) the two terms in the last line of Eq. (5..93) cancel and we arrive at Eq. (5..92). As a result, if D^αW_α = 0 then D^{′α}W^′_α = 0, that means the gauge invariance of the equations of motion (5..91).

The last aspect we discuss in this subsection is a component form of the action S_{SY M} (5..81). We start with the component expansion of a gauge superfield V (z) which was derived in sect. 4.3.

V (z) = A + θ^αψ_α + θ̄_{α̇}ψ̄^{α̇} + θ^2F + θ̄^2F̄ + (θσ^mθ̄)A_m + θ̄^2θ^αλ_α + θ^2θ̄_{α̇}λ̄^{α̇} + θ^2θ̄^2D. (5..95) All components here take the values in Lie algebra. First of all, we will show that the component form (5..95) can be simplified with the help of gauge transformations. The gauge transformation (5..72) in the infinitesimal form reads e^{V +δV} = e^{2V} + iΛ̄e^{2V} − e^{2V} iΛ. (5..96) Expanding all exponentials in (5..96) up to the first order in V , we have

δV = i 2 (Λ̄ − Λ) + O(V ). (5..97)

Since the gauge parameter Λ is a chiral superfield, it can be written as

Λ = e^{θσmθ̄∂m} (u(x) + θ^αρ_α(x) + θ^2f(x)), (5..98) where u(x), ρ_α(x), f(x) are component fields. Then, the equation (5..97) reads

δV = i 2 (ū − u) − i 2 θ^αρ_α + i 2 θ̄_{α̇}ρ̄^{α̇} − i 2 θ^2f + i 2 θ̄^2f̄ + i 2 (θσ^mθ̄)∂_m(u + ū) + . . . , (5..99)

where dots stand for terms with higher space-time derivatives. Comparison of Eq. (5..95) with (5..99) shows that the components A, ψ_α, ψ̄^{α̇}, F and F̄ in the expansion (5..95) can be done arbitrary and hence they can be gauged away. In the other words, there exists a gauge where these components are equal to zero. As a result, the component form of the superfield V (z) is reduced to

V = (θσ^mθ̄)A_m + θ̄^2θ^αλ_α + θ^2θ̄_{α̇}λ̄^{α̇} + θ^2θ̄^2D. (5..100) The gauge where the superfield V has the form (5..100) is called the Wess- Zumino gauge. This gauge can also be fixed by equations

V | = 0, D_αV | = 0, D^2V | = 0, D̄^2V | = 0. (5..101) It is important to emphasize that in the Wess-Zumino gauge the series for the exponential e^{2V} is reduced to a finite-order polynomial. This allows us to write W_α in the form

W_α = − 1 4 D̄^2D_αV + 1 4 D̄^2[V, D_αV ]. (5..102)

Next, we apply the general rule ∫ d^6L_c = ∫ d^4x(− 1 4 D^2)L_c, (5..103)

where L_c =^1_{2g2} W^αW_α in the case under consideration and W_α is given by Eq. (5..102). To find the component action it is necessary to substitute Eqs. (5..100), (5..102) into (5..103) and compute all the spinor derivatives. The final result is

S_{SY M} = 1 g^2 ∫ d^4x tr { − 1 4 G^{mn}G_{mn} − iλ^ασ^m_{αα̇}∇_mλ̄^{α̇} + 2D^2 } , (5..104)

where G_{mn} = ∂_mA_n − ∂_nA_m − i[A_m, A_n], ∇_mλ̄^{α̇} = ∂_mλ̄^{α̇} + i[λ̄^{α̇}, A_m].

(5..105)

As a result, we see that the super Yang-Mills theory includes vector field A_m, Majorana spinor Ψ = ( λ_α λ̄α̇ ) and auxiliary field D. It is worth pointing out that the Wess-Zumino gauge (5..101) does not fix completely a gauge freedom of the theory. The residual gauge symmetry corresponds to gauge freedom in conventional Yang-Mills theory coupled to Majorana spinor.

6. Superfield perturbation theory 6.1. A scheme of perturbation expansion in quantum field the- ory The purpose of this subsection is to remaind a scheme of perturbation expansion in quantum field theory. The basic notion of such a construction is the generating functional of Green functions given in terms of path integral. Let ϕ be a set of fields in the model with action S[ϕ]. The generating functional of Green functions is defined as the following path integral

Z[J] = ∫ Dϕe^{i(S[ϕ]+} R dxJ(x)ϕ(x)). (6..1)

The external field J(x) is called a source. The Green functions are expressed on the base of Z[J] by the rule

G_n(x_1, . . . , x_n) = 1 Z[J] δ^nZ[J] δiJ(x_1) . . . δiJ(x_n) | | |_{J=0} . (6..2)

To develop the perturbation expansion of Green functions one writes the action as a sum of quadratic part S_0[ϕ], which corresponds to the free action, and interaction S_{int}[ϕ] which includes higher powers of fields. The generating functional (6..1) is represented as

Z[J] = e^{iSint[ δδiJ ]}Z_0[J], (6..3) where

Z_0[J] = ∫ Dϕe^{i(S0+} R dxϕ(x)J(x)) = e^i_2 R dxdx^′J(x)D(x,x^′)J(x^′) (6..4)

and D(x, x^′) in (6..4) is the Feynman propagator.

The perturbation series for Green functions arise when the equations (6..3), (6..4) are substituted into Eq. (6..2)and e^{iSint[ δ}δJ^] is expanded in power series in S_{int}[^δ_{δJ} ] and the differentiation with respect to source J(x) is fulfilled. The result is described by Feynman diagrams where the propagator is defined by the quadratic part of the action and the vertices are created by S_{int}[ϕ].

There is a simple rule illustrating how to find the Feynman propagator. Consider the following action

S_0[ϕ] = 1 2 ∫ d^4xϕ(x)F_xϕ(x), (6..5)

where F_x is some differential operator acting on space-time coordinate x^m, and introduce the source field J(x) by adding an extra term to (6..5). Then ones get the action S_0[ϕ] + ∫ d^4xJ(x)ϕ(x). (6..6)

The equation of motion in the model (6..6) is F_xϕ_J (x) + J(x) = 0, (6..7) where ϕ_J (x) is the field in the theory with source J(x). The Feynman propagator is defined by the rule

D(x, x^′) = δϕ_J (x) δJ(x^′)

. (6..8)

Then, Eq. (6..7) leads to

F_xD(x, x^′) = δ^4(x − x^′). (6..9) As a result, we see that the Feynman propagator can be defined as a solution of the equation (6..9).

6.2. Superpropagators in the Wess-Zumino model Now we turn to the Wess-Zumino model with the action S = ∫ d^8zΦ̄Φ + ∫ d^6z ( m 2 Φ^2 + λ 3! Φ^3 ) + ∫ d^6z̄ ( m 2 Φ̄^2 + λ 3! Φ̄^3 )

= S_0[Φ, Φ̄] + S_{int}[Φ, Φ̄], (6..10) where

S_0[Φ, Φ̄] = ∫ d^8zΦ̄Φ + ∫ d^6z m 2 Φ^2 + ∫ d^6z̄ m 2 Φ̄^2,

S_{int}[Φ, Φ̄] = λ 3! ∫ d^6zΦ^3 + λ 3! ∫ d^6z̄Φ̄^3. (6..11)

To find the propagators in this theory we will follow the procedure sketched in the previous subsection. For this purpose we introduce the sources as new external superfields. Since there are two superfields, Φ(z) and Φ̄(z), which are chiral and antichiral the corresponding sources J(z) and J̄(z) should also be chiral and antichiral, respectively. The free action in the theory with sources has the form ∫ d^8zΦ̄Φ + ∫ d^6z m 2 Φ^2 + ∫ d^6z̄ m 2 Φ̄^2 + ∫ d^6zΦJ + ∫ d^6z̄Φ̄J̄. (6..12)

The equations of motion corresponding to the action (6..12) are − 1 4 D^2Φ_J + mΦ̄_J + J̄ = 0, − 1 4 D̄^2Φ̄_J + mΦ_J + J = 0.

(6..13)

The theory under consideration is characterized by the matrix propagator with the following elements

G_{++}(z, z^′) = δΦ_J (z) iδJ(z^′)

, G_{+−}(z, z^′) = δΦ_J (z) iδJ̄ (z^′) , G_{−+}(z, z^′) = δΦ̄_J (z) iδJ(z^′)

, G_{−−}(z, z^′) = δΦ̄_J (z) iδJ̄ (z^′) . (6..14)

The indices “+” and “−” mean that the propagator is chiral or antichiral with respect to the corresponding argument. For example,

D̄_{α̇(z)}G_{++}(z, z^′) = 0, D_{α(z′)}G_{−−}(z, z^′) = 0. (6..15)

Next, we calculate the variational derivatives of Eqs. (6..13) over the sources J(z) and J̄(z) − 1 4 D^2G_{++} + mG_{−+} = 0, − 1 4 D^2G_{+−} + mG_{−−} = iδ_−(z, z^′), − 1 4 D̄^2G_{−+} + mG_{++} = iδ_+(z, z^′), − 1 4 D̄^2G_{−−} + mG_{+−} = 0.

(6..16)

Here δ_+ and δ_− are chiral and antichiral delta-functions defined as follows

δ_+(z, z^′) = − 1 4 D̄^2δ^4(x − x^′)δ^4(θ − θ^′) = −1 4 D̄^2δ^8(z − z^′), (6..17)

δ_−(z, z^′) = − 1 4 D^2δ^4(x − x^′)δ^4(θ − θ^′) − 1 4 D^2δ^8(z − z^′) (6..18)

Satisfying the (anti)chirality conditions D̄_{α̇}δ_+(z, z^′) = 0, D_αδ_−(z, z^′) = 0. (6..19)

Eqs. (6..16) allow us to express the propagators G_{−+} ,G_{+−} through G_{++}, G_{−−} as follows

G_{−+} = 1 4m D^2G_{++}, G_{+−} = 1 4m D̄^2G_{−−}. (6..20)

Substituting Eqs, (6..20) into other equations (6..16), one gets − 1 16m D^2D̄^2G_{−−} + mG_{−−} = iδ_−, − 1 16m D̄^2D^2G_{++} + mG_{++} = iδ_+ .

(6..21)

Next, we apply the identities (4..57) for chiral and antichiral superfields 1 16 D^2D̄^2G_{−−} = □G_{−−}, 1 16 D̄^2D^2G_{++} = □G_{++} (6..22)

and arrive at the following equations for the propagators (□ − m^2)G_{−−} = −imδ_−, (□ − m^2)G_{++} = −imδ_+.

(6..23)

The solutions of the equations (6..23) are written as

G_{−−} = −im □ − m^2 + iε δ_+, G_{++} = −im □ − m^2 + iε δ_−. (6..24)

Here we have used the Feyman prescription defying the causal Green function. Now we have to substitute Eqs. (6..24) into (6..20) and find G_{−+}, G_{+−}. As a result, the matrix propagator in the model under consideration is G = −i □ − m^2 + iε ( mδ_+^1_4D̄^2δ_− 1 4 D^2δ_+ mδ_− ) . (6..25)

The matrix (6..25) is called the superpropagator in the Wess-Zumino model. The superpropagator (6..21) can be transformed to a more useful form. Note that the superpropagator contains the delta-functions of different chiralities. Therefore we have to consider separately the chiral vertex λ 3! ∫ d^6zΦ^3 and the antichiral one^λ_{3!} ∫ d^6z̄Φ̄^3. However, it is possible to rewrite the superpropagator in such a form where all its matrix elements contain the only delta-function δ^8(z − z^′) and, moreover, the superpropagator will have extra D^2, D̄^2 factors which help to transform the integrals over chiral or antichiral subspaces to the integrals over the full superspace. For this purpose we substitute the explicit expressions for (anti)chiral deltafunctions (6..17), (6..18) into the matrix (6..25)

G = −i □ − m^2 + iε − m 4 D̄2 δ8 − 1 16 D̄2D2 δ8 − 1 16 D^2D̄^2 δ^8 − m 4 D^2 δ^8

. (6..26)

Next, we apply the identities (4..57d) in the form

D̄^2 =

D̄2D2D̄2 16□ , D^2 =

D^2D̄^2D^2 16□ . (6..27)

As a result, the expression for the superpropagator (6..26) is written in the form

G = −i □ − m^2 + iε − m 4 D̄2D2D̄2 16□ δ^8 −

D̄2D2 16 δ^8 − D^2D̄^2 16 δ^8 − m 4 D^2D̄^2D^2 16□ δ^8

, (6..28) or

G(z, z^′) = 1 16 m 4 D̄2D2D̄2 □ D̄^2D^2

D^2D̄^2 m 4 D^2D̄^2D^2 □ i □ − m^2 + iε δ^8(z − z^′).

(6..29) The expression (6..29) contains a single delta-function δ^8(z − z^′) and some number of D- and D̄-factors. Although the form (6..29) of the superpropagator looks complicated in comparison with form (6..25) it actually much more convenient for constructing the perturbation theory.

6.3. Supergraphs The Feynman diagrams in the theory under consideration are constructed on the basis of standard prescriptions. The matrix elements of the superpropagator (6..26) correspond to lines in the diagrams and the integrations λ 3! ∫ d^6z,^λ_{3!} ∫ d^6z̄ are associated with the corresponding vertices. The only point we have to control is the consistency of chirality and antichirality of propagators with the chirality or antichirality of vertices. It is worth emphasizing that the diagrams are completely formulated in superfield terms. Therefore they are called supergraphs.

Let us consider some chiral vertex within a supergraph

�+ z z^′ � � � z_1

� � � z_2 (6..30)

There are three internal lines attached to the chiral vertex, therefore the corresponding contribution to the Feynman graph looks like ∫ d^6zG_{A+}(z^′, z)G_{+B} (z, z_1)G_{+C} (z, z_2), (6..31)

where A, B, C = +, − are the signs (chiralities) of nearest vertices. The propagators G_{AB} are given by Eq. (6..29). The equation (6..29) shows that each propagator G_{A+}(z^′, z) has the structure (...)_z′ (−^1_4D̄^2_z )δ^8(z^′ − z). Therefore, the factor D̄^2_z can be used under the integral (6..31) to form the full measure d^8z.

Let one of the lines in (6..30) is external one of the whole diagram. In this case we have the contribution ∫ d^6zΦ(z)G_{+A}(z, z_1)G_{+B} (z, z_2). (6..32)

From Eq. (6..29) we see that any propagator G_{+A}(z, z_1) has the factor −^1_4D̄^2_z (...). Due to chirality of the superfield Φ(z), one can use the factor −^1_4D̄^2_z to obtain the integral over the full superspace ∫ d^6z(−^1_4D̄^2)(...) = ∫ d^8z(...).

Analogous consideration is also valid for antichiral vertex. The factors −^1_4 D^2_z can be used to restore the full superspace measure d^8z in the correspong vertices. As a result, we see that all vertices in supergraphs correspond to the integrals over full superspace only.

We would like to note also that each matrix element of (6..29) contains the operator D_α and D̄_ᾱ. Some of them are used to form the full superspace measure, other will treated as the operators in vertices acting on the lines. It corresponds to the following rules for the lines in supergraphs

ΦΦ̄-line: � �

z z^′ = i □ − m^2 δ^8(z − z^′) = K_{+−}, (6..33)

ΦΦ-line: � �

mD^2 4□ z z^′ = K^{++} = 1 4 D^2 im □(□ − m^2) δ^8(z − z^′) = mD^2 4□ K_{+−},

Φ̄Φ̄-line: � �

mD̄^2 4□ z z^′ = K^{−−} = 1 4 D̄^2 im

□(□ − m^2) δ^8(z − z^′) = mD̄^2 4□ K_{+−}.

As a result, the lines can bear the factors D_α, D̄_{α̇} acting on the function K_{+−}. The matrix with the elements K_{++}, K_{+−}, K_{−+}, K_{−−} is called the improved superpropagator.

The factors D_α, D̄_{α̇} can be transferred from one line to another with the help of integration by parts. For example,

� � � � � �

D_α = � � � � � �

−D_α + � � � � � � −D_α

This manipulation allows us to remove all D-factor from at least one Grassmann δ-function and integrate over one of d^4θ. Since each of the propagators contains the delta-function δ^4(θ − θ^′), we can decrease a number of integrations over d^4θ.

As usual, one can make transformation from coordinate to the momentum space with the help of standard Fourier transform. In the momentum picture all spatial derivatives ∂_m become the operators of multiplication on −ip_m ∂_m → −ip_m,

rD_α → D_α(p) = ∂_α + (σ^m)_{αα̇}θ̄^{α̇}p_m, D̄_{α̇} → D̄_{α̇}(p) = − ¯∂_{α̇} − θασm_{αα̇}p_m.

(6..34)

It is easy to check the following anticommutation relations for the operators (6..34)

{D_α, D_β } = 0, {D̄_{α̇}, D̄_{β̇}} = 0, {D_α(p), D̄_{α̇}(p)} = −2σ^m_{αα̇}p_m. (6..35)

All further considerations are analogous to the ones in the conventional quantum field theory and we do not discuss that. Here we emphasized only these aspects which are specific just to superfield theories.

6.4. Non-renormalization theorem A non-renormalization theorem in supersymmetric quantum field theory concerns superfield structure of the effective action and, as a consequence, explains the specific features of quantum corrections in component form. In particular, this theorem explains the cancelations of divergences in such theories.

By definition, the effective action is a generating functional of connected one particle irreducible amputated Green functions. In conventional quantum field theory it has the following general form

Γ[ϕ] = ∞∑ n=2 1 n! ∫ dx_1 . . . dx_nΓ^{(n)}(x_1, . . . , x_n)ϕ(x_1) . . . ϕ(x_n), (6..36)

where Γ^{(n)}(x_1, . . . , x_n) are connected one-particle irreducible amputated Green functions and ϕ(x) denotes all fields entering the theory. The non-renormalization theorem in N = 1 supersymmetric quantum field theory states that each term in the effective action can be expressed as an integral over a single d^4θ. In the other words, any supergraph contributing to effective action can be presented in the form with a single integral over full superspace. It means that the superfield effective action is always local in anticommuting coordinates.

The general idea of the proof is based on the observation that the superpropagator (6..29) contains the Grassmann delta-function δ^4(θ−θ^′) allowing to fulfil all integrals over anticommuting variables except one^2. Proof. Consider arbitrary one-particle irreducible L-loop supergraph. As we know, at each vertex there is the integration over d^4θ and each line includes δ^4(θ−θ^′) with some number of factors D_α, D̄_{α̇} acting on this deltafunction. We omit here the dependence of a supergraph on the internal and external momenta since it has no relation to the problem under discussion. Consider in the supergraph a fixed loop involving, say, n vertices. It is

2We consider the non-renormalization theorem only for Wess-Zumino model. General consideration is given e.g. in the books S.J. Gates, M.T. Grisaru, M. Roćek, W. Siegel, Superspace or One Thousand and One Lessons in Supersymmetry, Addison-Wisley, 1983; hep-th/0108200 and I.L. Buchbinder, S.M. Kuzenko, Ideas and Methods of Supersymmetry and Supergravity or a Walk Throught Superspace, Bristol, IOP Publ., 1998.

clear that there will be a cycle of Grassmann delta-functions associated with propagators

δ^4(θ_1 − θ_2) δ^4(θ_2 − θ_3) . . . δ^4(θ_n − θ_1) (6..37)

with some number of derivatives D_α, D̄_{α̇} acting on δ-functions. Integrating by parts, we can transfer all the spinor derivatives acting on δ^4(θ_1 − θ_2) to the delta functions δ^4(θ_2 − θ_3) or δ^4(θ_n − θ_1) or to the external lines of the loop supergraph. Then, one integrates over θ_2 and uses δ^4(θ_1 − θ_2) to replace θ_2 by θ_1 everywhere. After that, we continue this process n − 3 times with the remaining delta-functions. As a result, the cycle is reduced to a single delta-function. The expression for the supergraph takes the following schematic form ∫ d^4θ_1 ∏ A ∫ d^4θ_Af(θ_1, θ_A)[D . . . DD̄ . . . D̄δ^4(θ_n − θ_1)]|_{θn=θ1} . (6..38)

Here the index A enumerates the vertices external to the given loop which appear with some factors f(θ_1, θ_A). The expression [D . . . DD̄ . . . D̄δ^4(θ_n − θ_1)]|_{θn =θ1} in (6..38) can be easily evaluated. First, using the anticommutation relations among the spinor derivatives D_α, D̄_{α̇}, (4..54), any product of them is reduced to an expression involving no more than four such factors. Since δ^4(θ_n −θ_1) = (θ_n −θ_1)^2(θ̄_n −θ̄_1)^2, we need exactly two derivatives D_α and two D̄_{α̇} ones, otherwise the expression [D . . . DD̄ . . . D̄δ^4(θ_n −θ_1)]|_{θn =θ1} is zero. Then we use the identity 1 16 D^2D̄^2δ^4(θ_n − θ_1)|_{θn=θ1} = 1. (6..39)

As a result, the loop is shrunk into a point with respect to the anticommuting variables.

Continuing the above procedure loop-by-loop one reduces the whole supergraph to a point in θ-space and the total contribution takes the form ∫ d^4p_1 . . . d^4p_L ∫ d^4θF(p_1, . . . , p_L, θ, θ̄), (6..40)

where p_i are the internal momenta associated with the loops. This finalizes the proof of the theorem.

Let us discuss the consequences of this theorem.

1. According to the non-renormalization theorem, the effective action is represented in the form with single integration over d^4θ. For example, in the Wess-Zumino model it has the following general structure

Γ[Φ, Φ̄] = ∞∑ n=2 ∫ d^4x_1 . . . d^4x_n ∫ d^4θG_n(x_1, . . . , x_n)F_1(x_1, θ) . . . F_n(x_n, θ),

(6..41) where G_n are the translationally invariant functions of the Minkowski space coordinates and F_1, F_2,. . . , F_n are the local functions of superfields Φ, Φ̄ and their covariant derivatives

F_i = F_i(Φ_i, Φ̄_i, D_M Φ_i, D_M Φ̄_i, . . .), Φ_i = Φ_i(x_i, θ, θ̄), Φ̄_i = Φ̄_i(x_i, θ, θ̄). (6..42) 2. All vacuum supergraphs vanishes. Indeed, according to the nonrenormalization theorem, any vacuum supergraph is written as A ∫ d^4θ · 1, (6..43)

where A is a θ-independent loop momentum integral. But ∫ d^4θ 1 ≡ 0.

3. There are no (anti)chiral divergences in the Wess-Zumino model. Indeed, the divergences are (quasi)local in space-time, therefore in given case any (anti)chiral divergent supergraph contribution to effective action must be local in Minkowski space and hence is written as ∫ d^4xd^2θW(Φ) + ∫ d^4xd^2θ̄W̄(Φ̄). (6..44)

But all expressions of the form (6..44) are forbidden by the non-renormalization theorem, since the general structure of the effective action is given by (6..41) with the integration over d^4θ, not over d^2θ or d^2θ̄.

At first sight, the renormalization theorem prohibits any contributions to the (anti)chiral potentials. In fact, it is not true and the finite corrections are possible. For example, let us consider the identity − 1 4 ∫ d^8z

D^2 □ G = ∫ d^6zG, (6..45)

where G is a chiral superfield. Therefore, a finite term of the type ∫ d^8z(−^1_4^{D2}_□ ) is unprohibited in (6..41) and can give a contribution to the purely chiral quantum corrections. We emphasize that this finite term is non-local in x-space while the divergent terms are always local^3. 4. Non-renormalization theorem immediately shows that there is the only renormalization constant in the Wess-Zumino model.

The standard arguments tell us that the renormalization of the Wess- Zumino model is described by the transformation

Φ = z^{1/2}_1 Φ_R, Φ̄ = z^{1/2}_1 Φ̄_R, m = z_mm_R, λ = z_λλ_R, (6..46)

3The calculations of chiral quantum corrections to effective action is considered in the book I.L. Buchbinder, S.M. Kuzenko, Ideas and Methods of Supersymmetry and Supergravity or a Walk Throught Superspace, Bristol, IOP Publ., 1998.

where the label R means the renormalized quantity and z_1, z_m, z_λ are renormalization constants. Substituting Eqs. (6..46) into the Wess-Zumino action (5..27), we obtain the corresponding renormalized action

S_R = ∫ d^8z z_1Φ̄_RΦ_R + [∫ d^6z( 1 2 z_1z_mm_RΦ^2_R + 1 3! z_λz^{3/2}_1 λ_RΦ^3_R)

+ complex conjugate ] , (6..47)

But, according to the non-renormalization theorem, there are no divergent contributions to the (anti)chiral potentials, i.e., 1 2 mΦ^2 + λ 3! Φ^3 = 1 2 m_RΦ^2_R + λ_R 3! Φ^3_R. (6..48)

Hence, z_1z_m = 1, z^{3/2}_1 z_λ = 1, (6..49) and we conclude that the model is characterized by the only independent renormalization constant z_1.

7. Problems 7.1. Lorentz and Poincare groups

Problem 1.1. Let the matrices Λ_1 and Λ_2 satisfy the relation

Λ^TηΛ = η, (P1) where η = diag(−1, 1, 1, 1). Show that the matrix Λ_2Λ_1 satisfy the relation (P1) as well.

Problem 1.2. Let (a, Λ) be some non-homogeneous Lorentz transformation. Show that the set of such transformations form a group with the following multiplication low (a_2, Λ_2)(a_1, Λ_1) = (Λ_2a_1 + a_2, Λ_2Λ_1). (P2)

Problem 1.3. Prove the identities NεN^T = ε, N^Tε^{−1}N = ε^{−1}, (P3)

where ε = ( 0 −1 1 0 ) and N is a complex 2 × 2 matrix with the unit determinant, det N = 1.

Problem 1.4. Prove the equality

φ^′_1^αφ^′_{2α} = φ^α_1 φ_{2α}, (P4)

where φ^′_α = N_α^βφ_β and φ^α = ε^{αβ} φ_β.

Problem 1.5. Prove the relations

φ^α_1 φ_{2α} = −φ^α_2 φ_{1α}, χ_{1α̇}χ^{α̇}_2 = −χ_{2α̇}χ^{α̇}_1 . (P5)

Problem 1.6. Let (σ_m)_{αα̇} = (σ_0, σ_1, σ_2, σ_3) are the following matrices

σ_0 = ( 1 0 0 1 ) , σ_1 = ( 0 1 1 0 ) , σ_2 = ( 0 −i i 0 ) , σ_3 = ( 1 0 0 −1 ) . (P6)

Introduce also the matrices σ̃_m by the rules

(σ̃_m)^{α̇α} = ε^{α̇β̇}ε^{αβ} (σ_m)_{ββ̇} , σ̃_m = (σ_0, −σ_1, −σ_2, −σ_3). (P7)

Prove the identities

(σ_mσ̃_n + σ_nσ̃_m)_α^β = −2 η_{mn}δ^β_α, (σ̃_mσ_n + σ̃_nσ_m)^{α̇}_{β̇} = −2 η_{mn}δ^{α̇}_{β̇} , tr(σ_mσ̃_n) = −2 η_{mn}, (P8) (σ^m)_{αα̇}(σ̃_m)^{β̇β} = −2 δ^β_αδ^{β̇}_{α̇}.

Problem 1.7. Any vector index m can be transformed to a couple of spinor ones αα̇ by the rules

V_{αα̇} = (σ^m)_{αα̇}V_m, V_m = − 1 2 (σ̃_m)^{α̇α}V_{αα̇}

W_{αα̇} = (σ^m)_{αα̇}W_m, W_m = − 1 2 (σ̃_m)^{α̇α}W_{αα̇}.

(P9)

Check the identity V_mW^m = − 1 2 V_{αα̇}W^{αα̇}. (P10)

Problem 1.8. Consider the matrices

(σ_{mn})_α^β = − 1 4 (σ_mσ̃_n − σ_nσ̃_m)_α^β,

(σ̃_{mn})^{α̇}_{β̇} = − 1 4 (σ̃_mσ_n − σ̃_nσ_m)^{α̇}_{β̇},

(P11)

where the matrices σ_m are given by (P6). Show that any antisymmetric tensor H_{mn} = −H_{nm} is equivalent to a pair of two symmetric spin-tensors h_{αβ} , h_{α̇β̇} and they are related as follows

H_{mn} = (σ_{mn})_{αβ} h^{αβ} − (σ̃_{mn})_{α̇β̇}h^{α̇β̇} ,

h_{αβ} = 1 2 (σ^{mn})_{αβ} H_{mn}, h_{α̇β̇} = − 1 2 (σ̃^{mn})_{α̇β̇}H_{mn}.

(P12)

Problem 1.9. Let F_{mn} = ∂_mA_n − ∂_nA_m be an electromagnetic strength tensor. Consider the corresponding spin-tensor components of the strength tensor

F_{αβ} = 1 2 (σ^{mn})_{αβ} F_{mn}, F_{α̇β̇} = − 1 2 (σ̃^{mn})_{α̇β̇}F_{mn}. (P13)

a. Express the spin-tensors F_{αβ} , F_{α̇β̇} through the following objects

A_{αα̇} = (σ^m)_{αα̇}A_m, ∂_{αα̇} = (σ^m)_{αα̇}∂_m. (P14)

Answer:

F_{αβ} = − 1 4 (∂_{αα̇}A^{α̇}_β + ∂_{βα̇}A^{α̇}), F_{α̇β̇} = 1 4 (∂^α_{α̇} A_{αβ̇} + ∂^α_{β̇} A_{αα̇}). (P15)

b. Express F^{mn}F_{mn} through the spin-tensors F_{αβ} , F_{α̇β̇}. Answer:

F^{mn}F_{mn} = 2F^{αβ} F_{αβ} + 2F^{α̇β̇}F_{α̇β̇}. (P16)

Problem 1.10. Show that the expression u^m = φ^α(σ^m)_{αα̇}χ^{α̇} is a fourvector with respect to the Lorentz rotations.

Problem 1.11. Prove that under the non-homogeneous Lorentz transformations a vector field t^m(x) transforms by the rule

δt^m(x) = −a^n∂_nt^m(x) + ω^m_nt^n(x) − ω^n_kx^k∂_nt^m(x). (P17)

Check that the transformations (P17) can be written as

δt^m(x) = −ia^r(P_r)^m_nt^n(x) + i 2 ω^{rs}(J_{rs})^m_nt^n(x), (P18) where the operators P_r, J_{rs} are given by

(P_r)^m_n = δ^m_n (−i∂_r), (J_{rs})^m_n = η_{rk}x^k(P_s)^m_n − η_{sk}x^k(P_r)^m_n + (M_{rs})^m_n, (M_{rs})^m_n = i(δ^m_s η_{rn} − δ^m_r η_{sn}).

(P19)

Problem 1.12. Show that the operators P_r, J_{rs} given by Eqs. (P19) satisfy the following commutation relations

[P_r, P_s] = 0, [J_{rs}, P_m] = i(η_{rm}P_s − η_{sm}P_r), [J_{mn}, J_{rs}] = i(η_{mr}J_{ns} − η_{ms}J_{nr} + η_{ns}J_{mr} − η_{nr}J_{ms}).

(P20)

Problem 1.13. Consider the operators^4 C_1 = P^mP_m ≡ P^2, C_2 = W^mW_m ≡ W^2, (P21) where W^m =^1_2 ε^{mnrs}P_nJ_{rs}. Prove the following relations [P_m, W_n] = 0, [J_{mn}, W_r] = i(η_{nr}W_m − η_{mr}W_n), [W_m, W_n] = iε_{mnrs}W^rP^s, (P22) [C_1, P_m] = 0, [C_1, J_{mn}] = 0, [C_2, P_m] = 0, [C_2, J_{mn}] = 0.

7.2. Superspace and superfields Problem 2.1. Prove the relations θ_αθ_β = 1 2 ε_{αβ} θ^2, θ̄_{α̇}θ̄_{β̇} = − 1 2 ε_{α̇β̇}θ̄^2,

θ^αθ^β = − 1 2 ε^{αβ} θ^2, θ̄^{α̇}θ̄^{β̇} = 1 2 ε^{α̇β̇}θ̄^2,

(P23)

4The operators C1 and C2 given by Eq. (P21) are called Casimir operators of the Poincare group.

where θ^2 ≡ θ^αθ_α = ε^{αβ} θ_βθ_α, θ̄^2 ≡ θ̄_{α̇}θ̄^{α̇} = ε_{α̇β̇}θ̄^{β̇}θ̄^{α̇}.

Problem 2.2. Let the supercharges are given by Q_α = i∂_α + σ^m_{αα̇}θ̄^{α̇}∂_m, Q̄_{α̇} = −i ¯∂_{α̇} − θ^ασ^m_{αα̇}∂_m. (P24) Let the covariant spinor derivatives are searched in the form D_α = c_1∂_α + c_2σ^m_{αα̇}θ̄^{α̇}∂_m, D̄_{α̇} = c_3 ¯∂_{α̇} + c_4θ^ασ^m_{αα̇}∂_m (P25) with some unknown coefficients c_1, c_2, c_3, c_4. Find these coefficients from the following anticommutation relations of spinor derivatives (P25) with the supercharges (P24) {D_α, Q_β} = 0, {D_α, Q̄_{β̇} } = 0, {D̄_{α̇}, Q_β} = 0, {D̄_{α̇}, Q̄_{β̇} } = 0.

(P26)

Problem 2.3. Show that the covariant spinor derivatives D_α = ∂_α + iσ^m_{αα̇}θ̄^{α̇}∂_m = ∂_α + iθ̄^{α̇}∂_{αα̇}, D̄_{α̇} = − ¯∂_{α̇} − iθ^ασ^m_{αα̇}∂_m = − ¯∂_{α̇} − iθ^α∂_{αα̇}

(P27)

satisfy the following (anti)commutation relations {D_α, D_β } = 0, {D̄_{α̇}, D̄_{β̇} } = 0, [D_α, ∂_m] = 0, [D̄_{α̇}, ∂_m] = 0, {D_α, D̄_{α̇}} = −2i∂_{αα̇} = 2P_{αα̇}.

(P28)

Problem 2.4. Prove the following identities with the covariant derivatives D^2D̄_{α̇}D^2 = 0, D̄^2D_αD̄^2 = 0, D^αD̄^2D_α = D̄_{α̇}D^2D̄^{α̇}, D^2D̄^2 + D̄^2D^2 − 2D^αD̄^2D_α = 16□, (P29) D^2D̄^2D^2 = 16D^2□, D̄^2D^2D̄^2 = 16D̄^2□, [D^2, D̄_{α̇}] = −4i∂_{αα̇}D^α, [D̄^2, D_α] = 4i∂_{αα̇}D̄^{α̇}.

Problem 2.5. Show that the operators

P_{(+)} = 1 16□ D̄^2D^2, P_{(−)} = 1 16□ D^2D̄^2, P_{(0)} = − 1 8□ D^αD̄^2D_α (P30) satisfy the following conditions for projection operators

P_{(+)} + P_{(−)} + P_{(0)} = 1, P_{(i)}P_{(j)} = δ_{ij}P_{(i)}, i, j = +, −, 0. (P31)

Problem 2.6. Consider the operators

P_m = −i∂_m, J_{mn} = i(x_n∂_m − x_m∂_n + (σ_{mn})^{αβ} θ_α∂_β − (σ̃_{mn})^{α̇β̇}θ̄_{α̇} ¯∂_{β̇} ), Q_α = i∂_α + (σ^m)_{αα̇}θ̄^{α̇}∂_m, Q̄_{α̇} = −i ¯∂_{α̇} − θ^α(σ^m)_{αα̇}∂_m. (P32) Show that the operators (P32) obey the (anti)commutation relations of Poincare superalgebra [P_m, P_n] = 0, [J_{mn}, P_r] = iη_{mr}P_n − iη_{nr}P_m, [J_{mn}, J_{rs}] = iη_{mr}J_{ns} − iη_{ms}J_{nr} + iη_{ns}J_{mr} − iη_{nr}J_{ms}, [J_{mn}, Q_α] = i(σ_{mn})_α^βQ_β, [P_m, Q_α] = 0, (P33) [J_{mn}, Q̄^{α̇}] = i(σ̃_{mn})^{α̇}_{β̇}Q̄^{β̇}, [P_m, Q̄^{α̇}] = 0, {Q_α, Q_β } = 0, {Q̄_{α̇}, Q̄_{β̇}} = 0, {Q_α, Q̄_{β̇} } = 2(σ^m)_{αα̇}P_m.

Problem 2.7. Consider a superfield Φ(y, θ) = A(y) + θ^αψ_α(y) + θ^2F (y), (P34) where y^m = x^m + iθ^α(σ^m)_{αα̇}θ̄^{α̇} = x^m + i(θσ^mθ̄). Prove the identity Φ(x, θ, θ̄) ≡ Φ(x + i(θσθ̄), θ) = A(x) + θ^αψ_α(x) + θ^2F (x) (P35) + i(θσ^mθ̄)∂_mA(x) + i 2 θ^2θ̄_{α̇}(σ̃^m)^{α̇α}∂_mψ_α(x) − 1 4 θ^2θ̄^2□A(x).

Problem 2.8. Prove the identities e^{−i(θσmθ̄)∂m} D_αe^{i(θσmθ̄)∂m} = ∂_α + 2iθ̄^{α̇}∂_{αα̇}, e^{−i(θσmθ̄)∂m}D̄_{α̇}e^{i(θσmθ̄)∂m} = − ¯∂_{α̇}, (P36) e^{i(θσmθ̄)∂m} D_αe^{−i(θσmθ̄)∂m} = ∂_α, e^{i(θσmθ̄)∂m}D̄_{α̇}e^{−i(θσmθ̄)∂m} = − ¯∂_{α̇} − 2iθ^α∂_{αα̇}.

Problem 2.9. Let Φ(x, θ, θ̄) be a chiral superfield with the component decomposition (P35). Show that under the supersymmetry translations

δΦ = i(ϵ^αQ_α + ϵ̄_{α̇}Q̄^{α̇})Φ (P37) the component fields A(x), ψ_α(x), F (x) transform by the rules δA(x) = −ϵ^αψ_α(x), δψ_α(x) = −2ϵ_αF (x) − 2iϵ̄^{α̇}∂_{αα̇}A(x), δF (x) = −iϵ̄_{α̇}(σ̃^m)^{αα̇}∂_mψ_α(x). (P38)

Problem 2.10. Show that the expression

δ^2(θ − θ^′) ≡ (θ − θ^′)^2 = (θ − θ^′)^α(θ − θ^′)_α (P39) satisfy the definition of delta-function with respect to the anticommuting variables ∫ d^2θ^′δ^2(θ − θ^′)F (θ^′) = F (θ), (P40)

where F (θ) is an arbitrary superfunction and d^2θ =^1_4 ε^{αβ} dθ_αdθ_β, ∫ dθ_αθ^β = δ^β_α.

7.3. Superfield models Problem 3.1. Prove the identity ∫ d^4xd^2θ̄L̄_c = ∫ d^4x(− 1 4 D̄^2)L̄_c (P41)

for arbitrary antichiral superfield L̄_c.

Problem 3.2. Let V (x, θ, θ̄) be a real scalar superfield with the following classical action

S[V ] = 1 8 ∫ d^8zV D^αD̄^2D_αV + m^2 ∫ d^8zV^2. (P42)

Prove the following statements.

a. The action (P42) can be represented in the form

S[V ] = 1 2 ∫ d^6zW^αW_α + m^2 ∫ d^8zV^2, (P43)

where W_α = −^1_4D̄^2D_αV .

b. The action (P42) leads to the following equation of motion for the field V 1 8 D^αD̄^2D_αV + m^2V = 0. (P44) c. The equation (P44) has the following differential consequences D^2V = 0, D̄^2V = 0. (P45) Hint: use the identities D^2D̄_{α̇}D^2 = 0, D̄^2D_αD̄^2 = 0.

d. The equation of motion (P44) leads to the mass-shell condition for the superfield V (□ − m^2)V = 0. (P46) Hint: apply the identity D^2D̄^2 + D̄^2D^2 − 2D^αD̄^2D_α = 16□.

Problem 3.3. Consider the following operators D_α = e^{−2V} D_αe^{2V} , D̄_{α̇} = D̄_{α̇}, D_{αα̇} = i 2 {D_α, D_{α̇}}, (P47) where V is a real scalar superfield.

a. Check that under the gauge transformations e^{2V ′} = e^{iΛ̄}e^{2V} e^{−iΛ}, D̄_{α̇}Λ = 0, (P48) the operators (P47) transform by the rules D^′_A = e^{iΛ}D_Ae^{−iΛ}, (P49) where A = α, α̇, αα̇.

b. Let us introduce the superfields Γ_A by the following relations D_A = D_A + iΓ_A, (P50) where D_A = (D_α, D̄_{α̇}, ∂_{αα̇}). Show that iΓ_α = e^{−2V} (D_αe^{2V} ), Γ_{αα̇} = i 2 D̄_{α̇}Γ_α. (P51)

c. Prove the relations {D_α, D_β } = 0, [D̄_{α̇}, D_{ββ̇} ] = 2iε_{α̇β̇}W_β, (P52) where W_β = −^1_8 D̄^2e^{−2V} (D_β e^{2V} ).

Problem 3.4. Consider the model of chiral and antichiral superfields with the action S[Φ, Φ̄, V ] = ∫ d^8zΦ̄e^{2V} Φ, (P53)

where V is an external abelian superfield.

a. Show that the equation of motion for the field Φ in the model (P53) is − 1 4 D^2e^{2V} Φ = 0. (P54)

b. Using the relations (P52) show that the equation of motion (P54) can be rewritten as

[D^mD_m − W^αD_α − 1 2 (D^αW_α)]Φ = 0, (P55)

where D_m = −^1_2 (σ_m)_{αα̇}D^{αα̇}.

Problem 3.5. Let χ_α, χ̄_{α̇} be some spinorial (anticommuting) superfields satisfying the (anti)chirality conditions D̄_{α̇}χ_α = 0, D_αχ̄_{α̇} = 0. Let the action is given by

S[χ, χ̄] = − ∫ d^8zG^2 − m^2 ∫ d^6zχ^2 − m^2 ∫ d^6z̄χ̄^2, (P56)

where G =^1_2 (D^αχ_α + D̄_{α̇}χ̄^{α̇}) = Ḡ.

a. Prove the relations D^2G = 0, D̄^2G = 0. (P57) b. Show that the action (P56) leads to the following equations of motion 1 8 D̄^2D_αG + m^2χ_α = 0, 1 8 D^2D̄_{α̇}G + m^2χ̄_{α̇} = 0. (P58)

c. Show that on the equations of motion (P58) the superfields χ_α, χ̄_{α̇} satisfy the constraint D^αχ_α = D̄_{α̇}χ̄^{α̇}. (P59) Hint: apply the identity D^αD̄^2D_α = D̄_{α̇}D^2D̄^{α̇}.

d. Show that the equations of motion (P58) are equivalent to the equations

(□ − m^2)χ_α = 0, χ̄_{α̇} = − i 4m^2

∂_{αα̇}D^2χ^α. (P60)

Hint: use the following identity for the chiral superfield χ_α D̄^2D^2χ_α = 16□χ_α. (P61)

8. Books and Review Papers for Further Study

1. J. Wess, J. Bagger, Supersymmetry and Supergravity, Cambridge Univ.Press, 1983.

2. S. J. Gates, M. T. Grisaru, M. Roćek, W. Siegel, Superspace or One Thousand and One Lessons in Supersymmetry, Addison-Wisley, 1983; hepth/0108200.

3. P. West, Introduction to Supersymmetry and Supergravity, World Scientific, 1986.

4. D. Bailin, A. Love, Supersymmetric Gauge Field Theory and String Theory, IOP Publ., 1994.

5. I. L. Buchbinder, S. M. Kuzenko, Ideas and Methods of Supersymmetry and Supergravity or a Walk Throught Superspace, Bristol, IOP Publ., 1998.

6. A. Galperin, E. Ivanov, V. Ogievetsky, E. Sokatchev, Harmonic Superspace, Cambridge Univ. Press, 2001.

7. J. Terning, Modern Supersymmetry: Dynamics and Duality, Oxford Univ. Press, 2006.

8. M. Sohnius, Introducting Supersymmetry Phys. Repts. 128 (1985) 39-204.

9. S. J. Gates, Basic Canon in D=4, N=1 Superfield Theory, in *Boulder 1997, Supersymmetry, supergravity and supercolliders*, 1997, 153-258; hep-th/9809064.

10. A. Bilal, Introduction to Supersymmetry, hep-th/0101055.

11. J. M. Figueroa-O’Farill, BUSSTEPP Lectures on Supersymmetry, hepth/0109172.

12. M. J. Strassler, Unorthodox Introduction to Supersymmetric Gauge Theory, hep-th/0309149.