The influence of torsion on the black hole entropy in 3D gravity^∗

M. Blagojević^† and B. Cvetković^‡ Institute of physics, P.O.Box 57, 11001 Belgrade, SERBIA

Abstract

We study thermodynamic properties of the black hole with torsion in the semiclassical approximation to the gravitational partition function. The entropy of the black hole differs from the standard Beckenstein-Hawking result, but its form is in complete agreement with the first law of black hole mechanics.

1. Introduction

It has been known since the early 1970s that black holes are thermodynamic objects, with characteristic temperatures and entropies [1]. The study of these concepts has shown that they are closely related to the quantum nature of gravity. The discovery of the BTZ black hole in three-dimensional (3D) gravity [2] was of particular importance, since it enabled us to investigate these issues in a technically much simpler context. In the traditional approach based on general relativity (GR), 3D gravity has been studied mainly in the realm of Riemannian geometry, leading to a number of outstanding results [2, 3, 4, 5, 6, 7]. On the other hand, it has been known for nearly five decades, that there is a more natural, gaugetheoretic conception of gravity based on Riemann-Cartan geometry, where both the curvature and the torsion characterize the structure of gravity (see, e.g. [8, 9]). The application of these ideas to 3D gravity started in the 1990s by Mielke, Baekler and Hehl [10]. Recent developments in this direction led to several highly interesting results:

a) 3D gravity with torsion possesses the black hole solution [11, 12, 13] with interesting thermodynamic properties [14, 15, 16], b) it can be formulated as a Chern-Simons gauge theory [12, 17], c) it has the (anti-de Sitter) asymptotic symmetry, described by two independent Virasoro algebras with different central charges [13], and d) there is a supersymmetric extension of the Mielke-Baeckler model, with the super-conformal symmetry in the asymptotic region [18, 19].

∗ Work supported by the Serbian Science Foundation, and presented by B. Cvetković. † e-mail address: mb@phy.bg.ac.yu ‡ e-mail address: cbranislav@phy.bg.ac.yu 51

In the present paper, we discuss the entropy of the black hole with torsion, using both the canonical and covariant form of the action in the semiclassical approximation to the gravitational partition function [14, 16]. Although one expects that there are only technical differences between these two methods, the regularization of the covariant action and the presence of a boundary at the horizon have to be treated with special care. The layout of the paper is as follows. In section 2, we give a brief overview of the Euclidean 3D gravity with torsion, based on the Mielke-Baekler action [10]. In sections 3 and 4, we describe the Euclidean black hole solution, and derive the canonical expressions for its energy and angular momentum. Section 5 contains basic results of our exposition [14, 16]. We derive the form of the partition function in the semiclassical approximation and obtain the expression for the entropy of the black hole with torsion. Beside the Bekenstein-Hawking term, it contains an additional contribution, stemming from the Chern-Simons term in the action. This term survives even when the torsion vanishes, in agreement with the result found in the context of Riemannian geometry [20]. Then, we show that the existence of torsion is in complete agreement with the first law of black hole mechanics. Finally, section 6 is devoted to concluding remarks, while appendix contains some technical details.

Our conventions are the same as in [14, 16]: the Greek indices refer to the coordinate frame, the Latin indices refer to the tangent frame; the middle alphabet letters (i, j, k, . . . ; μ, ν, λ, . . .) run over 0, 1, 2, the first letters of the Greek alphabet (α, β, γ, . . .) run over 1, 2; η_{ij} = diag (1, 1, 1) are the metric components in the tangent frame; totally antisymmetric tensor ε^{ijk} and the related tensor density ε^{μνρ} are both normalized by ε^{012} = +1.

2. Euclidean 3D gravity with torsion

Following the analogy with Poincaré gauge theory [8, 9], Euclidean gravity with torsion in 3D can be formulated as a gauge theory of the Euclidean group E(3) = ISO(3), the analytic continuation of the Poincaré group ISO(1, 2). Basic gravitational variables are the triad field b^i and the spin connection ω^i (1-forms), and the corresponding field strengths are the torsion T^i = db^i + ε^i_{jk}ω^jb^k and the curvature R^i = dω^i +^1_2 ε^i_{jk}ω^jω^k (2-forms). The underlying geometric structure is described by Riemann-Cartan space. Mielke and Baekler (MB) proposed a topological model for 3D gravity in Riemann-Cartan spacetime [10], which is a natural generalization of Riemannian GR with a cosmological constant (GR_Λ). Euclidean version of the model is defined by the action I_E , obtained from its Minkowskian counterpart I_M by the process of analytic continuation I_M → iI_E [14]. Omitting the subscript E for simplicity, the Euclidean MB action in the absence of matter reads:

I = 2a ∫ b^iR_i − Λ 3 ∫ ε_{ijk}b^ib^j b^k + α_3I_{cs}[ω] + α_4 ∫ b^iT_i , (2.1)

where the wedge product sign ∧ is omitted for simplicity. The first term with a = 1/16πG is the usual Einstein-Cartan action, the second term is a cosmological term, I_{cs}[ω] is the Chern-Simons action for the spin connection, I_{cs}[ω] = ∫ ( ω^idω_i + 1 3 ε_{ijk}ω^iω^jω^k ) , and the fourth term is a torsion counterpart of the first one. The variation of the action with respect to b^i and ω^i yields the field equations in vacuum:

2A_i := 2aR_i + 2α_4T_i − Λε_{ijk}b^j b^k = 0 , 2B_i := 2aT_i + 2α_3R_i + α_4ε_{ijk}b^jb^k = 0 .

(2.2a)

In the sector α_3α_4 − a^2 ≠ 0, we can rewrite these equations as:

2T^i = pε^i_{jk} b^jb^k , 2R^i = qε^i_{jk} b^j b^k , (2.2b) with p := α_3Λ + α_4a α_3α_4 − a^2

, q := −

(α_4)^2 + aΛ α_3α_4 − a^2

. (2.2c)

After introducing the Levi-Civita connection ω̃^i by db^i + ε^i_{jk}ω̃^jb^k = 0, one finds that the Riemannian piece of the curvature R^i(ω̃) is:

2R^i(ω̃) = Λ_{eff} ε^i_{jk} b^jb^k , Λ_{eff} := q − 1 4 p^2 , (2.3)

where Λ_{eff} is the effective cosmological constant [14]. Thus, our spacetime has maximally symmetric metric, with the isometry group SO(3, 1) (the hyperbolic 3D space). In what follows, we restrict our attention to the Euclidean continuation of anti-de Sitter space, which is defined by positive Λ_{eff} : Λ_{eff} =: 1/ℓ^2 > 0.

3. The black hole solution For Λ_{eff} > 0, equation (2.3) has a well-known solution for the metric, the Euclidean BTZ black hole [2]. In Schwarzschild coordinates x^μ = (t, r, φ), the metric has the form

ds^2 = N^2dt^2 + N^{−2}dr^2 + r^2(dφ + N_φdt)^2 ,

N^2 = ( −8Gm + r^2 ℓ^2 − 16G^2J^2 r^2 ) , N_φ = − 4GJ r^2 . (3.1)

The zeros of N^2, r_+ and r_− = −iρ_−, satisfy the relations: r_+ρ_− = 4GJℓ, r^2_+ − ρ^2_− = 8Gmℓ^2, and both φ and t are periodic:

0 ≤ φ < 2π , 0 ≤ t < β , β =

2πℓ^2r_+ r^2_+ + ρ^2_− .

Any surface with constant r has the topology of a 2-torus, and the whole black hole manifold M is a solid torus. The black hole horizon r = r_+ is a circle at the core of the solid torus, so that the manifold does not contain the region r < r_+, corresponding to the “inner” part of the Minkowskian black hole. There are strong arguments in favor of the assumption that the horizon should be regarded as an additional, inner boundary of M, beside the (asymptotic) boundary located at spatial infinity (see section 5).

Figure 1: The Euclidean black hole manifold

For later convenience, we introduce the black hole angular velocity:

Ω = N_φ(r_+) = − ρ_− ℓr_+ . Starting with the black hole metric (3.1), the solution for the black hole with torsion takes the form:

b^0 = Ndt , b^1 = N^{−1}dr b^2 = r (dφ + N_φdt) (3.2a)

ω^i = ω̃^i + p 2 b^i , (3.2b)

where ω̃^i is the Levi-Civita connection:

ω̃^0 = Ndφ , ω̃^1 = −N^{−1}N_φdr , ω̃^2 = − r ℓ^2 dt + rN_φdφ . (3.2c)

4. Energy and angular momentum Asymptotic conditions and their symmetries are of essential importance for the physical content of gauge theories, as they give rise to the conserved charges, which characterize dynamical behavior of the system. General asymptotic structure of both Minkowskian and Euclidean 3D gravity with torsion and its relation to the conformal symmetry at spatial infinity, is well understood [13, 15]. In order to determine the form of energy and angular momentum for the black hole, it is sufficient to assume that the fields b^i and ω^i are restricted to the family of black hole configurations (3.2), defined by parameters m and J [14].

Asymptotic conditions in the canonical formalism ensure the existence of well-defined canonical generators [21, 22]. The canonical generator G is a spatial integral of the Hamiltonian constraints, and it acts on phase-space variables via the Poisson bracket operation, defined in terms of functional derivatives. In general, G does not have well-defined functional derivatives, but the problem can be resolved by adding a suitable surface term Γ . The improved canonical generator G̃ = G+Γ is not only differentiable, but also a finite and conserved phase-space functional [14].

The value of the improved generator G̃ defines the asymptotic charge. Since G̃ ≈ Γ , the charge is completely determined by the boundary term. In particular, energy and angular momentum are defined as the values of Γ for ξ^0 = 1 and ξ^2 = 1, respectively. For the black hole configuration (3.2), one obtains [14]:

E = m + α_3 a ( pm 2 − J ℓ^2 ) , M = J + α_3 a ( pJ 2 + m ) . (4.1)

5. Partition function and the black hole entropy Thermodynamic properties of black holes are closely related to the quantum nature of gravity [23, 24, 25, 26]. In this section, we examine the influence of torsion on the partition function of the Euclidean 3D gravity with torsion. Let us consider the functional integral (in units ℏ = 1)

Z[β, Ω] = ∫ DbDω exp ( −Ĩ[b, ω, β, Ω] ) , (5.1a)

where β and Ω are, respectively, the inverse temperature and the angular velocity of the black hole, defined by certain boundary conditions on the fields (b^i, ω^i), and Ĩ is the Euclidean action (2.3), corrected by suitable boundary terms, Ĩ = I + B. The Lagrangian boundary conditions define the set of allowed field configurations C_L, such that:

(i) C_L contains black holes with the values of (m, J) belonging to a small region around some (m, J)_0, (ii) β and Ω remain constant on the boundary, and

(iii) the improved action Ĩ = I + B is differentiable.

If we recall the definition of β and Ω from section 3, we can see that they are determined in terms of r_+ and ρ_− (the functions of m and J), so that the conditions (i) and (ii) may become incompatible. However, this is not a sincere problem. Indeed, it can be resolved by treating β and Ω as independent parameters, determined in terms of r_+ and ρ_− only ”on-shell”. Geometrically, an “off-shell” extension of β and Ω leads to conical singularities, but at the end, after imposing the field equations, they disappear [25]. Interpreted in this way, the above boundary conditions correspond to the grand canonical ensemble.

Although the partition function (5.1a) cannot be calculated exactly, the semiclassical approximation around the black hole solution (3.2) gives a highly interesting information regarding the role of torsion in quantum dynamics. Indeed, this approximation corresponds to the thermodynamic limit, in which the partition function has the general form

Z[β, μ] = e^{−βF} , F = E − μM − T S , (5.1b)

where F is the free energy, β = 1/T , E and S are the thermodynamic values of energy and entropy, and μ is the chemical potential corresponding to the conserved charge M. Since E and M are already known from the canonical analysis, it follows that, in the semiclassical approximation, the value of Ĩ at the black hole configuration (3.2) defines the black hole entropy:

Ĩ_{bh} = β(E − μM) − S . (5.1c)

5.1. The canonical approach In this subsection, we use the canonical form of the MB action, as in [2]:

I_c = ∫ dt ∫ d^2x ( π_i^μḃ^i_μ + Π_i^μω̇^i_μ − Ĥ_T ) , (5.2a)

where Ĥ_T is the total Hamiltonian (A1). The Lagrangian boundary conditions (i)–(iii) can be easily extended to the related Hamiltonian boundary conditions, which define the set of allowed phase-space configurations C_H . The action I_c does not have well-defined functional derivatives, since its variation on C_H produces not only the field equations, but also some boundary terms. The improved action has the general form

Ĩ_c = I_c + B , (5.2b)

where the boundary term B is chosen so as to make Ĩ_c differentiable. The partition function is now given as the functional integral over C_H . For a thermodynamic system in equilibrium, the ensemble must be time independent. If one calculates the value of Ĩ_c on the set of static triads and connections, one finds that I_c vanishes on shell (Ĥ_T ≈ 0), so that the complete information about the black hole thermodynamics is contained in the boundary term B.

Boundary terms. The boundary term B is constructed to cancel the unwanted boundary terms in δI_c, arising from integrations by parts: δI_c + δB ≈ 0, where ≈ is an ”on-shell” equality.

With the known form (A1) of Ĥ_T , the general variation of I_c at fixed r is given by

δI_c|^r ≈ 2 ∫ dtdφ [ b^i_0(aδω_{i2} + α_4δb_{i2}) + ω^i_0(aδb_{i2} + α_3δω_{i2})

]_r . (5.3)

The boundary terms at infinity and at the horizon are determined by the requirement δI_c|^{r→∞} − δI_c|^{r+} + δ(B^∞ + B^{r+} ) ≈ 0 .

Spatial infinity. The boundary term at spatial infinity has the form

δI_c|^{r→∞} = −

∫_β 0 dt [ δ ∫ d^2x Ĥ_T

]_{r→∞} ≈ −δB^∞ ,

B^∞ := βE . (5.4)

Here, E is the canonical energy given in (4.1), and the time period β is kept fixed, as we are in the grand canonical ensemble.

The horizon. If we consider Minkowski black hole as a macroscopic object, it seems quite natural to treat only its “outer” part r > r_+ as physical. In the Euclidean formalism, in spite of the fact that the “inner” region r < r_+ is absent from the black hole manifold, there are convincing arguments that one still needs boundary terms at the horizon [24, 25, 26]. These arguments are based on the observation that the Killing vector field ∂_t is not well defined at r = r_+. One can overcome the problem by removing the line r = r_+ from the black hole manifold, but this modifies the topology: the horizon becomes an additional (inner) boundary of the manifold. After accepting such an assumption, we have to introduce appropriate boundary conditions at the horizon, in order to further improve the differentiability of the action. The values of the triad field and Riemannian connection on the horizon satisfy the following relations:

b^a_0 − Ωb^a_2 = 0 , ω̃^a_0 − Ωω̃^a_2 = − 2π β δ^a_2 , (5.5)

for a = 0, 2. Having in mind that the boundary conditions should correspond to the grand canonical ensemble, we promote these “on-shell” relations into the “off-shell” boundary conditions on the horizon, with Ω and β as independent parameters.

Using the general relation (5.3) and the boundary conditions (5.5), one obtains the boundary term on the horizon:

δI_c|^{r+} ≈ δB^{r+} ,

B^{r+} := −βΩM − [ 2πr_+ 4G + 4π^2α_3 ( pr_+ − 2 ρ_− ℓ )] . (5.6)

The value of the improved canonical action at the black hole solution is equal to the sum of boundary terms (5.4) and (5.6):

(Ĩ_c)_{bh} = β(E − ΩM) − [ 2πr_+ 4G + 4π^2α_3 ( pr_+ − 2 ρ_− ℓ )] . (5.7)

We shall return to the thermodynamic interpretation of this result soon.

5.2. The covariant approach

One could expect that transition to the covariant, Lagrangian form of the action in the partition function represents only a technical step, which cannot change the final result for the entropy, contained in (5.7). However, here we have at least two issues that deserve a careful analysis. (a) In the semiclassical calculation of the partition function (5.1a), one needs the value of the covariant action at the black hole configuration, which is a divergent expression. The existence of this divergence can be taken care of by a convenient regularization procedure, but one should verify that this procedure is consistent with the adopted boundary conditions [27]. (b) Although one expects a boundary at the horizon in the Hamiltonian formalism [2, 26], it seems that its presence in the covariant formalism of GR_Λ can be ignored [27]. These issues need a consistent explanation in the context of 3D gravity with torsion.

Regularization. The value of the action (2.1) at the black hole configuration is divergent:

I_{bh} ≈

4πaβ ℓ^2 ( r^2_∞ − r^2_+ ) , (5.8)

where r_∞ → ∞. Note that this result is of the same form as in GR_Λ [27]. One can define a natural regularization procedure by subtracting the value of I_{bh} at the black hole vacuum, where m = J = 0 (see also [28]). The regularized action reads

I_{reg} = I −

4πaβ ℓ^2 r^2_∞ , (5.9)

and its value at the black hole configuration is finite: I_{reg} ≈ −4πaβr^2_+/ℓ^2.

Our approach to the black hole thermodynamics again relies on the construction of the improved action, in accordance with the adopted boundary conditions (i)–(iii). The construction is now modified by a new element— the regularization procedure, whose consistency with the boundary conditions should be verified.

Boundary terms. Similarly as in the previous subsection, we find that the improved covariant action has the following form:

Ĩ = I_{reg} + B∞ + Br^+ ,

B^∞ = βm , B^{r+} = −2π^2α_3 ( pr_+ − 2 ρ_− ℓ ) . (5.10)

In GR_Λ, where α_3 = 0, the boundary term stemming from the horizon vanishes, and the boundary at the horizon can be safely ignored [27]. More generally, this is true whenever the Chern-Simons term in the action is absent (α_3 = 0). On the other hand, whenever α_3 ≠ 0, even in the absence of torsion (p = 0) [20], the boundary at the horizon yields a nontrivial contribution, and its presence cannot be disregarded.

The value of the action (5.10) at the black hole is

Ĩ_{bh} = −πr^+ 4G − 2π^2α_3 ( pr_+ − 2 ρ_− ℓ ) . (5.11)

The last term represents the contribution from the boundary at the horizon. Using the generalized Smarr formula in Riemann-Cartan spacetime

β(E − ΩM) ≈ πr_+ 4G + 2π^2α_3 ( pr_+ − 2 ρ_− ℓ ) , we obtain that the value of the improved covariant action coincides with the value of the improved canonical action (5.7), i.e. Ĩ_{bh} ≡ (Ĩ_c)_{bh}.

5.3. Entropy We now return to the thermodynamic interpretation of the results (5.7) and (5.11), based on equation (5.1c). It tells us that β is the inverse temperature, Ω is the chemical potential corresponding to M, and S = 2πr_+ 4G + 4π^2α_3 ( pr_+ − 2 ρ_− ℓ ) (5.12)

is the entropy of the black hole with torsion [14, 15, 16]. For α_3 = 0, S reduces to the Bekenstein-Hawking value. The additional term, proportional to α_3, stems from the Chern-Simons contribution to the action (2.1). The first piece of this term, proportional to pr_+, can be interpreted as the contribution of the torsion degrees of freedom at the outer horizon, while the second piece is associated to the “inner horizon” ρ_− . The Chern-Simons contribution survives even in Riemannian theory (with vanishing torsion), in agreement with [18].

Using the rules of Eucilidean continuation defined in [14], the entropy can be easily expressed in terms of the Minkowskian parameters as: S = 2πr_+ 4G + 4π^2α_3 ( pr_+ − 2 r_− ℓ ) . (5.13)

5.4. The first law of thermodynamics If the black hole solution is an extremum of the action I on the set of allowed phase-space configurations, δI|_{bh} ≈ −δ(B^∞ + B^{r+} )|_{bh}, we obtain the relation T δS = δE − ΩδM , (5.14)

which represents the first law of black hole thermodynamics (compare with arguments given in [29]). The result (5.14) is also confirmed by a direct calculation, based on our expressions for S, E and M. Thus, the existence of torsion in 3D is in complete agreement with the first law of black hole thermodynamics.

6. Concluding remarks We discussed thermodynamic properties of the black hole with torsion by calculating the gravitational partition function in the semiclassical approximation, using first the canonical and then the covariant form of the action. (1) In both the canonical and covariant formalisms, the correct value for the black hole entropy is obtained provided the black hole manifold has two boundaries, one at infinity and one at the horizon.

(2) The entropy of the black hole with torsion differs from the Bekenstein- Hawking result by an additional contribution, stemming from the Chern-Simons term in the action. This is true even in Riemannian theory, where the torsion vanishes.

(3) The existence of torsion is in complete agreement with the first law of black hole thermodynamics.

A Hamiltonian and constraints Introducing the canonical momenta (π_i^μ, Π_i^μ), corresponding to the Lagrangian variables (b^i_μ, ω^i_μ), the action (2.1) leads to the following primary constraints:

ϕ_i^0 ≡ π_i^0 ≈ 0, ϕ_i^α ≡ π_i^α − α_4ε^{0αβ} b_{iβ} ≈ 0, Φ_i^0 ≡ Π_i^0 ≈ 0, Φ_i^α ≡ Π_i^α − ε^{0αβ} (2ab_{iβ} + α_3ω_{iβ}) ≈ 0.

The canonical Hamiltonian is linear in unphysical variables:

H_c = b^i_0H_i + ω^i_0K_i + ∂_αD^α , H_i = −ε^{0αβ} A_{iαβ} , K_i = −ε^{0αβ} B_{iαβ} , D^α = ε^{0αβ} [ ω^i_0(2ab_{iβ} + α_3ω_{iβ}) + α_4b^i_0b_{iβ} ] . The total Hamiltonian reads:

H_T = Ĥ_T + ∂_αD̄^α , Ĥ_T = bi_0H̄_i + ωi_0K̄_i + ui_0π_i0 + vi_0Π_i0 ,

(A1a)

where

H̄_i = H_i − ∇_βϕ_i^β + ε_{imn}b^m_β ( pϕ^{nβ} + qΦ^{nβ} ) , K̄_i = K_i − ∇_βΦ_iβ − ε_{imn}bm_βϕnβ . D̄α = bi_0π_iα + ωi_0Π_iα .

(A1b)

The constraints (π_i^0, Π_i^0, H̄_i, K̄_i) are first class, while (ϕ_i^α, Φ_i^α) are second class.

References

[1] J. D. Bekenstein, Black holes and entropy, Phys. Rev. D 5, 2333 (1973);

S. W. Hawking, Black hole explosions, Nature 228, 30 (1974); Particle creation by black holes, Commun. Math. Phys. 43, 199 (1975).

[2] M. Bañados, C. Teitelboim and J. Zanelli, The black hole in three-dimensional spacetime, Phys. Rev. Lett. 16, 1849 (1993);

M. Bañados, M. Henneaux, C. Teitelboim and J. Zanelli, Geometry of 2+1 black hole, Phys. Rev. D 48, 1506 (1993).

[3] For a review of the subject and an extensive list of references, see: S. Carlip, J.

Korean Phys. Soc. 28, 447 (1995) (preprint gr-qc/9503024); Quantum Gravity in 2+1 Dimensions (Cambridge University Press, Cambridge, 1998); Class. Quant. Grav. 22, R85 (2005).

[4] J. D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic symmetries: an example from three dimensional gravity, Comm. Math. Phys. 104, 207 (1986).

[5] A. Achucarro and P. Townsend, A Chern-Simons action for three-dimensional antide Sitter supergravity theories, Phys. Lett. B 180, 89 (1986);

E. Witten, 2+1 dimensional gravity as an exactly soluble system, Nucl. Phys. B 311, 46 (1988).

[6] O. Coussaert, M. Henneaux and P. van Driel, The asymptotic dynamics of threedimensional Einstein gravity with negative cosmological constant, Class. Quantum Grav. 12, 2961 (1995).

[7] A. Strominger, Black hole entropy from near-horizon microstates, JHEP 02, 009 (1998).

[8] F. W. Hehl, Four lectures on Poincaré gauge theory, Proc. 6th Course of the School of Cosmology and Gravitation, on Spin, Torsion, Rotation and Supergravity (Erice, Italy, 1979), eds. P. G. Bergmann, V. de Sabbata (Plenum, New York, 1980), p. 5; E. W. Mielke, Geometrodynamics of Gauge Fields – On the geometry of Yang-Mills and gravitational gauge theories (Akademie-Verlag, Berlin, 1987).

[9] M. Blagojević, Gravitation and gauge symmetries (Bristol, Institute of Physics Publishing, 2002); SFIN A 1, 147 (2003) (preprint gr-qc/0302040).

[10] E. W. Mielke, P. Baekler, Topological gauge model of gravity with torsion, Phys.

Lett. A 156, 399 (1991);

P. Baekler, E. W. Mielke, F. W. Hehl, Dynamical symmetries in topological 3D gravity with torsion, Nuovo Cim. B 107, 91 (1992).

[11] A. García, F. W. Hehl, C. Heinecke and A. Macías, Exact vacuum solutions of (1+2)-dimensional Poincaré gauge theory: BTZ solution with torsion, Phys. Rev. D 67, 124016 (2003);

E. W. Mielke and A. A. R. Maggiolo, Rotating black hole solution in a generalized topological 3D gravity with torsion, Phys. Rev. D 68, 104026 (2003).

[12] M. Blagojević M and M. Vasilić, 3D gravity with torsion as a Chern-Simons gauge theory, Phys. Rev. D 68, 104023 (2003).

[13] M. Blagojević and B. Cvetković, Canonical structure of 3D gravity with torsion, in: Progress in General Relativity and Quantum Cosmology, vol. 2, ed. Ch. Benton (Nova Science Publishers, New York, 2006), p. 103 (preprint gr-qc/0412134); Asymptotic charges in 3d gravity with torsion, Journal of Physics: Conference Series 33, 248 (2006).

[14] M. Blagojević and B. Cvetković, Black hole entropy in 3D gravity with torsion, Class. Quantum Grav. 23, 4781 (2006).

[15] M. Blagojević and B. Cvetković, Black hole entropy from the boundary conformal structure in 3D gravity with torsion, JHEP 10, 005 (2006).

[16] M. Blagojević and B. Cvetković, Covariant description of the black hole entropy in 3D gravity, Class. Quant. Grav. 24, 129 (2007).

[17] S. Cacciatori, M. Caldarelli, A. Giacomini, D. Klemm and D. Mansi, Chern-Simons formulation of three-dimensional gravity with torsion and nonmetricity, J. Geom. Phys. 56, 2523 (2006).

[18] A. Giacomini, R. Troncoso and S. Willison, Three-dimensional supergravity reloaded, preprint hep-th/0610077.

[19] B. Cvetković and M. Blagojević, Supersymmetric 3D gravity with torsion: asymptotic symmetries, preprint gr-qc/0702121.

[20] S. N. Solodukhin, Holography with gravitational Chern-Simons term, Phys. Rev.

D 74, 024015 (2006);

Mu-In Park, BTZ black hole with gravitational Chern-Simons: thermodynamics and statistical entropy, preprint hep-th/0608165.

[21] T. Regge and C. Teitelboim, Role of surface integrals in the Hamiltonian formulation of general relativity, Ann. Phys. (N.Y.) 88, 286 (1974).

[22] L. Castellani, Symmetries of constrained Hamiltonian systems, Ann. Phys. (N.Y.)

143, 357 (1982).

[23] J. D. Brown, G. L. Comer, E. A. Martinez, J. Melmed, B. F. Whiting and Y. W.

York Jr, Thermodynamic ensembles and gravitation, Class. Quantum Grav. 7, 1433 (1990);

J. D. Brown, E. A. Martinez, and J. W. Jork Jr, Complex Kerr-Newman geometry and black-hole thermodynamics, Phys. Rev. Lett. 66, 2281 (1991).

[24] C. Teitelboim, Statistical thermodynamics of a black hole in terms of surface fields, Phys. Rev. D 53, 2870 (1996).

[25] M. Bañados, T. Brotz and M. Ortiz, Boundary dynamics and the statistical mechanics of the 2+1 dimensional black hole, Nucl. Phys. B 545, 340 (1999); M. Bañados, Three-dimensional quantum geometry and black holes, preprint hepth/9901148.

[26] S. F. Ross, Black hole thermodynamics, preprint hep-th/0502195.

[27] M. Bañados, F. Méndez, A note on covariant action integrals in three dimensions, Phys. Rev. D 58, 104014 (1998).

[28] For an alternative regularization procedure, see: O. Mišković and R. Olea, On boundary conditions in three-dimensional AdS gravity, Phys. Lett. B 637, 317 (2006).

[29] R. Wald, The first law of black hole mechanics, in: Directions in general relativity, College Park 1993, vol. 1, p. 358 (preprint gr-qc/9305022); Black hole entropy is Noether charge, Phys. Rev. D 48, 3427 (1993).