Constrained Generalized Supersymmetries

Francesco Toppan^∗ CCP, CBPF, Rua Dr. Xavier Sigaud 150, cep 22290-180, Rio de Janeiro (RJ), Brazil

Abstract

Generalized supersymmetries with bosonic tensorial central charges are investigated w.r.t. their division algebra properties. It is shown that complex and quaternionic supersymmetries admit compatible division-algebra induced constraints which are fully classified. In special cases constrained generalized supersymmetries present a dual formulation. Constrained generalized supersymmetries arise as the analytic continuation of the M-algebra to the Euclidean and as underlying superalgebras of certain classes of supersymmetric dynamical models.

1. Introduction

This talk is based on a series of papers, [1, 2, 3, 4], devoted to the investigation of generalized supersymmetries in connection with division algebras, as well as the application of these results in the broad context of the Mtheory. The last two works, in particular, address the problem of classifying the division-algebra compatible constraints that can be imposed on generalized supersymmetries in presence of complex and quaternionic spinors. It is further shown that, in certain specified cases, such constrained generalized supersymmetries admit a dual description. Physical motivations for this mathematical analysis are based on M-theory and its related topics. It was indeed proven in [2] that a given constrained complex generalized supersymmetry is required in order to perform the analytic continuation of the Minkowskian M-algebra to the Euclidean. The present results are further applicable to the construction and classification of various classes of supersymmetric dynamical systems presenting bosonic tensorial central charges.

It is worth recalling that the problem of classifying supersymmetries has recently regained interest and found a lot of attention in the literature. We can cite, e.g., a series of papers where the notion of “spin algebra” has been introduced and investigated [5]. An even more updated reference concerns the classification of the so-defined “polyvector super-Poincaré algebras” [6].

∗ e-mail address: toppan@cbpf.br 327

The reasons behind all this activity are clear. In the seventies the HŁS scheme [7] was a cornerstone providing the supersymmetric extension of the Coleman-Mandula no-go theorem. However, in the nineties, the generalized space-time supersymmetries going beyond the HŁS scheme (and admitting, in particular, a bosonic sector of the Poincaré or conformal superalgebra which could no longer be expressed as a tensor product B_{geom} ⊕B_{int}, where B_{geom} describes space-time Poincaré or conformal algebras, while the remaining generators spanning B_{int} are scalars) found widespread recognition [8, 9] in association with the dynamics of extended objects like branes (see [10, 11]). The eleven-dimensional M-algebra underlying the M-theory as a possible “Theory Of Everything” (TOE), admitting 32-real component spinors and maximal number (= 528) of saturated bosonic generators [8, 9] falls into this class of generalized supersymmetries. The mathematical ingredients that have to be used have been known by mathematicians since at least the sixties ([12], see also [13] and, for quite a convenient presentation for physicists, [14]). They include the division-algebra classification of Clifford algebras and fundamental spinors. It is quite rewarding that, by using these available tools, we can conveniently formulate and solve the problem of classifying generalized supersymmetries.

It is well-known that the Clifford algebra irreps [14] are put in correspondence with the R, C, H division algebras. An analogous scheme works for fundamental spinors (here and in the following, fundamental spinors are defined to be the spinors admitting, in a given space-time, the maximal division algebra structure compatible with the minimal number of real components). Both the eleven-dimensional M-algebra and the F -algebra in (10 + 2) dimensions are based on real spinors. Their analytic continuation to the Euclidean, however, see [2] and [3], are based on complex spinors. The presence of both complex and quaternionic spinors allows introducing division-algebra compatible extra-constraint on the available generalized supersymmetries. The reason for that lies in the fact that in these two extra cases one has at disposal the division-algebra principal conjugation (which simply coincides, for real numbers, with the identity operator) to further play with. It is of particular importance to determine the biggest (“saturated”) generalized supersymmetry compatible with the given division-algebra structure and constraint. For the sake of simplicity, in this work we are only concerned with “generalized supertranslations”. This means in particular that the bosonic generators are all abelian. The construction of, e.g., Lorentz generators requires a bigger algebra than the ones here examined. One viable scheme to produce them consists in introducing a generalized superconformal algebra (which, in its turn, allows recovering a generalized superPoincaré algebra through an Inonü-Wigner type of contraction). Following [15], this can be easily achieved by taking two separate copies of “generalized supertranslations” and imposing the Jacobi identities on the whole set of generators to fully determine the associated superconformal algebra.

2. Generalized supersymmetries: the M and F algebra examples

Let us introduce the notion of generalized supersymmetries by illustrating the specific examples of the M and F algebras.

For our purposes we should recall, at first, that three matrices, denoted as A, B, C, have to be introduced in association with the three conjugations (hermitian, complex and transposition) acting on Gamma matrices [16]. Since only two of the above matrices are independent we choose here, following [1], to work with A and C. A plays the role of the time-like Γ^0 matrix in the Minkowskian space-time and is used to introduce barred spinors. C, on the other hand, is the charge conjugation matrix. Up to an overall sign, in a generic (s, t) space-time, A and C are given by the products of all the time-like and, respectively, all the symmetric (or antisymmetric) Gamma-matrices^1. The properties of A and C immediately follow from their explicit construction, see [16] and [1].

In a representation of the Clifford algebra realized by matrices with real entries, the conjugation acts as the identity, see [1]. In this case the spacelike gamma matrices are symmetric, while the time-like gamma matrices are antisymmmetric, so that A can be identified with the charge conjugation matrix C_A.

For our purposes the importance of A and the charge conjugation matrix C lies on the fact that, in a D-dimensional space-time (D = s + t) spanned by d × d Gamma matrices, they allow to construct a basis for d × d (anti)hermitian and (anti)symmetric matrices, respectively. It is indeed easily proven that, in the real and the complex cases (the quaternionic

case is different), the ( D k ) antisymmetrized products of k Gamma ma-

trices AΓ^{[μ1...μk]} are all hermitian or all antihermitian, depending on the value of k ≤ D. Similarly, the antisymmetrized products CΓ^{[μ1...μk]} are all symmetric or all antisymmetric.

For what concerns the M-algebra, the 32-component real spinors of the (10, 1)-spacetime admit anticommutators {Q_a, Q_b} which are 32 × 32 symmetric real matrices with, at most, 32 +^{32×31}_2 = 528 components. Expanding the r.h.s. in terms of the antisymmetrized product of Gamma matrices, we get that it can be saturated by the so-called M-algebra

{Q_a, Q_b} = (AΓ_μ)_{ab} P^μ + ( AΓ_{[μν]} ) ab Z^{[μν]} + ( AΓ_{[μ1...μ5]} ) ab Z^{[μ1...μ5]}. (1) Indeed, the k = 1, 2, 5 sectors of the r.h.s. furnish 11 + 55 + 462 = 528 overall components. Besides the translations P^μ, in the r.h.s. the anti-

1Depending on the given space-time (see [16] and [1]), there are at most two charge conjugations matrices, CS , CA, given by the product of all symmetric and all antisymmetric gamma matrices, respectively. In special space-time signatures they collapse into a single matrix C.

symmetric rank-2 and rank-5 abelian tensorial central charges, Z^{[μν]} and Z^{[μ1...μ5]} respectively, appear.

The (1) saturated M-algebra admits a finite number of subalgebras which are consistent with the Lorentz properties of the Minkowskian eleven dimensions. There are 6 such subalgebras which are recovered by setting either one or two among the three sets of tensorial central charges P^μ, Z^{[μν]}, Z^{[μ1...μ5]} identically equal to zero (a completely degenerate subalgebra is further obtained by setting the whole r.h.s. identically equal to zero).

The fact that the fundamental spinors in a (10, 2)-spacetime also admit 32 components is due to the existence of the Weyl projection. This implies that the saturated M-algebra admits a (10, 2) space-time presentation, the so-called F -algebra, in terms of (10, 2) Majorana-Weyl spinors Q̃_ã, ã = 1, 2, . . . , 32.

In the case of Weyl projected spinors the r.h.s. has to be reconstructed with the help of a projection operator which selects the upper left block in a 2 × 2 block decomposition. Specifically, if M is a matrix decomposed in

2 × 2 blocks as M = ( M_1 M_2 M_3 M_4 ) , we can define

P (M) ≡ M_1. (2)

The saturated M-algebra (1) can therefore be rewritten as { Q̃_ã, Q̃_{b̃} } = P ( ÃΓ̃_{μ̃ν̃} ) ãb̃

Z̃^{[μ̃ν̃]} + P ( ÃΓ̃_{[μ̃1...μ̃6]} ) ãb̃

Z̃^{[μ̃}1^{...μ̃}6^], (3)

where all tilde’s are referred to the corresponding (10, 2) quantities. The matrices in the r.h.s. are symmetric in the exchange ã ↔ b̃. This time the rank-2 and selfdual rank-6 antisymmetric abelian tensorial central charges, Z̃[μ̃ν̃] and respectively Z̃[μ̃1...μ̃6], appear. Their total number of components is 66 + 462 = 528, therefore proving the saturation of the r.h.s.. The saturated equation (3) is named the F -algebra.

3. Real, complex and quaternionic generalized supersymmetries.

For real n-component spinors Q_a, the most general supersymmetry algebra is represented by

{Q_a, Q_b} = Z_{ab}, (4)

where the matrix Z appearing in the r.h.s. is the most general n × n symmetric matrix with total number of^{n(n+1)}_2 components. For any given space-time we can easily compute its associated decomposition of Z in terms of the antisymmetrized products of k-Gamma matrices, namely

Z_{ab} = ∑ k (AΓ_{[μ1...μk]})_{ab}Z^{[μ1...μk]}, (5) where the values k entering the sum in the r.h.s. are restricted by the symmetry requirement for the a ↔ b exchange and are specific for the given spacetime. The coefficients Z^{[μ1...μk]} are the rank-k abelian tensorial central charges.

When the fundamental spinors are complex or quaternionic they can be organized in complex (for the C and H cases) and quaternionic (for the H case) multiplets, whose entries are respectively complex numbers or quaternions.

The real generalized supersymmetry algebra (4) can now be replaced by the most general complex or quaternionic supersymmetry algebras, given by the anticommutators among the fundamental spinors Q_a and their conjugate Q^∗_ȧ (where the conjugation refers to the principal conjugation in the given division algebra, see ([1])). We have in this case

{Q_a, Q_b} = P_{ab} , { Q^∗_ȧ, Q^∗_ḃ } = P^∗_{ȧḃ}, (6)

together with { Q_a, Q^∗_ḃ } = R_{aḃ}, (7)

where the matrix P_{ab} (P^∗_{ȧḃ} is its conjugate and does not contain new degrees of freedom) is symmetric, while R_{aḃ} is hermitian.

4. Constrained generalized supersymmetries and their duality relations.

Let us investigate and classify now the set of consistent constraints that can be imposed on the complex generalized supersymmetries (the quaternionic case was investigated in [3]).

The saturated complex generalized supersymmetries (i.e. the ones admitting as bosonic r.h.s. both the most general symmetric matrix P entering (6) and the most general hermitian matrix R entering (7)) contain the same number of bosonic degrees of freedom as the corresponding saturated generalized supersymmetries realized with real spinors [3]. In this respect the big advantage of the introduction of the complex formalism, whenever this is indeed possible, consists in the implementation of some constraint that cannot be otherwise imposed within the real framework.

The bosonic r.h.s. can be expressed in terms of the rank-k totally antisymmetric tensors denoted as M_k, see the previous section. It is clear that any restriction on the saturated bosonic generators which allows all possible combinations of the rank-k antisymmetric tensors entering the r.h.s. is in principle allowed by Lorentz-covariant requirement. On the other hand, few particular combinations of the rank-k antisymmetric tensors have more compelling reasons to appear than just arising as a hand-imposed restriction on the saturated bosonic r.h.s. They can indeed be present due to a division-algebra constraint based on an underlying symmetry. It is expected that restrictions of this type offer a protecting mechanism towards the arising of anomalous terms, in application to the supersymmetries realized by certain classes of dynamical systems. This is an important reason to analyze and classify these constraints. Their whole class is presented in the table below. It consists of all possible combinations of restrictions on the P, R matrices of (6) and (7) (e.g. whether both of them are present or just one of them, if a reality or an imaginary condition is applied). The entries in the table below specify the number of bosonic components (in the real counting) associated with the given constrained supersymmetry realized by n-component complex spinors. The columns represent the restrictions on R, the rows the restrictions on P (an imaginary condition on P is equivalent to the reality condition and therefore is not reported in the table below). We have

P\R 1) F ull 2) Real 3) Imag. 4) Abs. a) F ull 2n^2 + n^3_2 (n^2 + n)^1_2 (3n^2 + n) n^2 + n b) Real^1_2 (3n^2 + n) n^2 + n n^{2 1}_2 (n^2 + n) c) Abs. n^{2 1}_2 (n^2 + n)^1_2 (n^2 − n) 0 (8) Some comments are in order. The above list of constraints is not necessarily implemented for any given supersymmetric dynamical system. One should check, e.g., that the above restrictions are indeed compatible with the equations of motion. On a purely algebraic basis, however, they are admissible restrictions which require a careful investigation.

One can notice that certain numbers appear twice as entries in the above table. This is related with the fact that the same constrained superalgebra can admit a different, but equivalent, presentation. We refer to these equivalent presentations as “dual formulation” of the constrained supersymmetries. Dual formulations are expected in correspondence of the constraints

a3 ↔ b1, a4 ↔ b2, b3 ↔ c1, b4 ↔ c2. (9)

It is worth stressing that in application to dynamical systems, which need more data than just superalgebraic data, one should explicitly verify whether the above related constraints indeed lead to equivalent theories.

The inequivalent constrained generalized supersymmetries can be listed as follows

I (a1) 2n^2 + n, k = 3, l = 1 II (a2)^3_2 (n^2 + n), k = 3, l = 0 III (a3 & b1)^1_2 (3n^2 + n), k = 2, l = 1 IV (a4 & b2) n^2 + n, k = 2, l = 0 V (b3 & c1) n^2, k = 1, l = 1 V I (b4 & c2)^1_2 (n^2 + n), k = 1, l = 0 V II (c3)^1_2 (n^2 − n), k = 0, l = 1

(10)

The integral numbers k, l have the following meaning. For the given constrained supersymmetry the bosonic r.h.s. can be presented in the following form

Z = kX + lY, k = 0, 1, 2, 3, l = 0, 1, (11)

where X and Y denote the bosonic sectors associated with the V I and respectively V II constrained supersymmetry.

In association with the maximal Clifford algebras in D-dimensional spacetimes (with no dependence on their signature), the X and Y bosonic sectors are given by the following set of rank-k antisymmetric tensors X Y D = 3 M_1 M_0 D = 5 M_2 M_0 + M_1 D = 7 M_0 + M_3 M_1 + M_2 D = 9 M_0 + M_1 + M_4 M_2 + M_3 D = 11 M_1 + M_2 + M_5 M_0 + M_3 + M_4 D = 13 M_2 + M_3 + M_6 M_0 + M_1 + M_4 + M_5

(12)

Formula (11) specifies the admissible class of division-algebra related, constrained bosonic sectors.

This analysis concludes the investigation of constrained complex generalized supersymmetries for maximal Clifford algebras (i.e. the Clifford algebras associated to the maximal number of Clifford algebras of given size that can be constructed). The extension of these results to the case of non-maximal Clifford algebras (obtained form the previous ones through a dimensional-reduction procedure) can be easily recovered, see [4] .

An example of application of a constrained generalized supersymmetry was given in [2], where the analytical continuation of the M-algebra to the 11-dimensional Euclidean space was made possible by the introduction of a holomorphic complex generalized supersymmetry.

5. Conclusions.

In this paper we discussed the classification of (real, complex and quaternionic) generalized supersymmetries. The notion of constrained (complex and quaternionic) generalized supersymmetry was given. Constrained complex generalized supersymmetries have been explicitly classified. It was further shown that, in some given cases, they can be presented in a dual formulation, according to the choice of decomposition of the bosonic degrees of freedom in the two matrices P and R entering formulas (6) and (7).

Physical implications of these mathematical structures are quite obvious. The classification of generalized supersymmetries allow to understand the web of interrelated dualities of different classes of theories which can be either analitically continued (let’s say, to the Euclidean) or recovered through dimensional reduction.

As an example, we can cite that the analytic continuation of the M algebra was proven in [2] to correspond to an eleven-dimensional complex holomorphic supersymmetry. It was further shown in [3] that the same algebra also admits a 12-dimensional Euclidean presentation in terms of Weylprojected spinors. These two examples of Euclidean supersymmetries can find application in the functional integral formulation of higher-dimensional supersymmetric models.

There is an interesting class of models which nicely fits [4] in the framework here described and is currently under intense investigation. It is the class of superparticle models, introduced at first in [17] and later studied in [18], whose bosonic coordinates correspond to tensorial central charges. It was shown in [19] that a 4-dimensional theory of this kind leads to a tower of massless higher spin states, concretely implementing a Fronsdal’s proposal [20] of introducing bosonic tensorial coordinates to describe massless higher spin theories (admitting helicity states greater than two). This is an active area of investigation, the main motivation being the investigation the tensionless limit of superstring theory, corresponding to a tower of higher helicity massless particles (see e.g. [21]).

In a somehow “orthogonal” direction, a class of theories which can be investigated in the present framework is the class of supersymmetric extensions of Chern-Simon supergravities in higher dimensions, requiring as a basic ingredient a Lie superalgebra admitting a Casimir of appropriate order, see e.g. [22].

6. Acknowledgement.

This talk reports results obtained in collaboration with H.L. Carrion, Z. Kuznetsova, J. Lukierski and M. Rojas.

References

[1] H.L. Carrion, M. Rojas and F. Toppan, JHEP04 (2003) 040.

[2] J. Lukierski and F. Toppan, Phys. Lett. B 584, 315 (2004).

[3] F. Toppan, JHEP09 (2004) 016.

[4] Z. Kuznetsova and F. Toppan, “Constrained generalized supersymmetries and superparticles with tensorial central charges. A classification.” Work in preparation.

[5] R. D’Auria, S. Ferrara, M.A. Lledo and V.S. Varadarajan, J. Geom. Phys. 40 101 (2001); R. D’Auria, S. Ferrara and M.A. Lledo, Lett. Math. Phys. 57, 123 (2001); S. Ferrara and M.A. Lledo, Rev. Math. Phys. 14, 519 (2002).

[6] D.V. Alekseevsky, V. Cortés, C. Devchand and A. van Proeyen, “Polyvector Super-Poincaré Algebras”, hep-th/0311107.

[7] R. Haag, J. Łopuszański and M. Sohnius, Nucl.Phys. B 88, 257 (1975).

[8] J.A. de Azcarraga, J.P. Gauntlett, J.M. Izquierdo and P.K. Townsend, Phys. Rev.

Lett. 63 2443 (1989).

[9] P. Townsend, hep-th/9712004, Cargese Lectures, 1997.

[10] R. Güven, Phys. Lett. B 276 49 (1992)

[11] K.S. Stelle, “Lectures on Supergravity p-branes”, 1996 ICTP Summer School, hep-th/9701088.

[12] M.F. Atiyah, R. Bott and A. Shapiro, Topology (Suppl. 1) 3, 3 (1964). [13] I.R. Porteous, “Clifford Algebras and the Classical Groups”, Cambridge Un.

Press, 1995.

[14] S.Okubo, J. Math. Phys. 32, 1657 (1991); ibid. 32, 1669 (1991). [15] J. Lukierski and F. Toppan, Phys. Lett. B 539, 266 (2002). [16] T. Kugo and P. Townsend, Nucl. Phys. B 221, 357 (1983). [17] E. Sezgin and I. Rudychev, “Superparticles, p-form coordinates and the BPS condition”, hep-th/9711128.

[18] I. Bandos and J. Lukierski, Mod. Phys. Lett. A 14 1257 (1999). [19] I. Bandos, J. Lukierski, C. Preitschopf and D. Sorokin, Phys. Rev. D 61 (2000) 065009.

[20] C. Fronsdal, “Massless Particles, Ortosymplectic Symmetry and Another Type of Kaluza-Klein Theory”, in “Essays on Supersymmetry”, Reidel (1986) (Math. Phys. Studies, v. 8).

[21] D. Sorokin, “Introduction to the Classical Theory of Higher Spin”, hepth/0405069.

[22] M. Hassaine, R. Troncoso and J. Zanelli, “Eleven-dimensional supergravity as a gauge-theory for the M-algebra”, hep-th/0306258.