Matrix formulation of Calogero-type models

S.Meljanac^∗and A.Samsarov^†

Rudjer Boskovic Institute, Bijenicka c.54, HR-10002 Zagreb, Croatia

Abstract

We study a single matrix oscillator with the quadratic Hamiltonian and deformed commutation relations. It is equivalent to the multispecies Calogero model in one dimension, with inverse-square twobody and three-body interactions. Specially, a new matrix realization of the Calogero model for identical particles have been constructed, without using exchange operators. The critical points at which singular behaviour occurs are briefly discussed. At the end, a connection of a quantum matrix oscillator to a modified matrix Chern-Simons model is established. The quantum mechanics of electrons in the lowest Landau level is shown to be described by the matrix oscillator model with the ground-state wave function of the Laughlin type.

1. Introduction

A class of integrable many-body systems in one spatial dimension is known, referred to as Calogero systems [1]. These systems are formed of N identical particles on the line which interact through an inverse-square two-body interaction and are subjected to a common confining harmonic force. These models are completely integrable in both the classical and the quantum case [2] and are related to a number of mathematical and physical problems, ranging from random matrices [3,4] to gravity, black hole physics [5] and two-dimensional strings [6]. The algebraic structure of the Calogero model has recently been reconsidered by a number of authors in the framework of the exchange operator formalism [7,8] based on a symmetric group. An advantage of this approach is the possibility of an explicit construction of wave functions for an arbitrary number of particles. This approach also emphasizes the interpretation in terms of generalized statistics [9] that allows for the possibility of having particles of different species with a mutual coupling parameter depending on the species coupled.

It is known that a random matrix theory provides a simple relation between the quantum mechanics of the harmonic oscillator and the Calogero

∗ e-mail address: meljanac@irb.hr † e-mail address: asamsarov@irb.hr 429 model. However, this connection is known to be true only for three special values of the coupling parameter ν : ν =^1_2 , 1, 2. In this approach the Calogero model appears through the calculation of averages in the Gaussian ensembles [3,4]. Also, another remarkable connection between the matrix models and the Calogero models was established in [2,10,11,12]. In Ref’s.[2,11,12] a classical matrix system without the quadratic potential was considered by the technique of the Hamiltonian reduction. The quantization is performed through path integral methods [12].

In the present article we introduce matrices whose matrix elements are operators and define the matrix Hamiltonian of the quadratic type. We show that this matrix formulation is in one-to-one correspondence with the Calogero model for an arbitrary value of the coupling parameter that can even depend on the particles coupled. In addition, exchange operators do not appear in our formulation. Finally, the construction presented here has been used for recovering some basic features of the quantum Hall physics obtained within the regularized Chern-Simons matrix model [13].

2. Matrix oscillator and a multispecies Calogero model

Let us consider [14] N × N matrices X , P with operator-valued matrix elements and a non-singular mass matrix M. The matrix Hamiltonian, generally non-Hermitean, is given by H = 1 2 (PM^{−1}P + ω^2XMX), (1)

with h̄ = 1. It represents a matrix generalization of a single harmonic oscillator.

We assume the following matrix commutation relations:

[X, P] = ıV, (2)

where V is a Hermitean N × N matrix with constant, real and symmetric matrix elements ν_{ij} = ν_{ji}, i, j = 1, 2, ..., N. We set the diagonal elements to be equal to unity, reflecting the quantum nature of the system. We further assume that the matrix X is Hermitean and can be represented as a diagonal matrix with real elements x_i, i = 1, 2, ..., N :

X_{ij} = x_iδ_{ij} (3)

and M_{ij} = m_iδ_{ij}, m_i > 0 . By introducing the matrix operator D such that the relation P = −ıD holds, we can rewrite Eq. (2) in the following way :

D_{ij}x_j − x_iD_{ij} = ν_{ij} ∀i, j; i ≠ j D_{ii}x_i − x_iD_{ii} = 1 ∀i. (4) There are many solutions of equations (4) since the addition of a diagonal piece to D_{ij} depending only on the coordinates does not affect these equations. To express this fact in a more explicit maneer, we can consider a transformation D^{(f)} = f^{−1}Df of the operator D by the arbitrary function f of the coordinates. The corresponding Hamiltonians are connected by non-unitary gauge transformations, i.e. by similarity transformations of the form H^{(f)} = f^{−1}Hf . We shall restrict ourselves to gauge transformations defined by f = ∏ i<j(x_i − x_j)^{λij} , λ_{ij} = λ_{ji}. A corresponding class of solutions of equations (4) is given by

D_{ij} = δ_{ij}( ∂ ∂x_i + ∑ k≠i

λ_{ik} x_i − x_k ) − ν_{ij}(1 − δ_{ij})

x_i − x_j

, (5)

where λ_{ij} are gauge parameters. Note that the dependence of the Hamiltonian H on the gauge parameters λ_{ij} enters through the operator D. The matrix Schroedinger equation is

H ∗ Ψ(X) ≡ HJ Ψ(X) = EΨ(X), (6)

where Ψ(X) is a column wave function (ψ_i(X)), i = 1, ..., N, J is an N × N matrix with units at all positions, and multiplication ∗ is defined in the above equation. For example, the ground state in the gauge λ_{ij} = ν_{ij}, ∀i, j is described by the column matrix

‖0⟩ ∼ ( e^{− ω2}

∑_N

i=1 m_ix^2_i ) C. (7)

Here C is the column matrix with all elements equal to unity. Analogously, one can introduce the left action of the Hamiltonian H on the row wave function. In this case (in the gauge λ_{ij} = ν_{ij}, ∀i, j ), the ground state is

represented by ⟨0‖ ∼ Re^{− ω2}

∑_N

i=1 m_ix^2_i , where R is a transpose of C. Note

that RC = N, CR = J , J ‖0⟩ = N‖0⟩ and ⟨0‖0⟩ = 1. At this point it should be emphasized that Ψ(X) is not the eigenstate of the Hamiltonian H in the usual sense, but rather it satisfies the “eigenvalue” equation in which the “eigenvalue” E is a matrix. We can give a well-defined meaning to this equation after performing multiplication of both sides by the row matrix R from the left. In this case, Eq. (6) is reduced to the eigenvalue equation Hψ = Eψ , where H is the Hamiltonian corresponding to the matrix Hamiltonian H by H = RHC = tr(HJ ) . We point out that in the special case where the gauge λ_{ij} = ν_{ij}, ∀i, j is chosen, we get the familiar eigenvalue equation H̃ψ = Eψ, where H̃ stands for the transformed Hamiltonian for a multispecies Calogero model [17]. In this case H is related to H̃ as

H̃ = RHC = tr(HJ )

= − 1 2 N∑ i=1 1 m_i

∂^2 ∂x^2_i + ω^2 2 N∑ i=1 m_ix^2_i

− 1 2 ∑ i≠j

ν_{ij} (x_i − x_j) ( 1 m_i ∂ ∂x_i − 1 m_j ∂ ∂x_j ) ≡ −T_− + ω^2T_+, (8)

where T_± are SU(1, 1) generators. After performing the similarity transformation with the inverse Yastrow factor ∏ i<j(x_i − x_j)^{−νij} , we obtain an original Hamiltonian H_{cal} for the multispecies Calogero model, with inverse-square two-body and three-body interactions [17]. This original Hamiltonian H_{cal} can also be reproduced directly, H_{cal} = tr(HJ ) in the gauge λ_{ij} = 0, ∀i, j. The procedure outlined here differs significantly from that followed in Ref.[12] in the way how the Calogero Hamiltonian appears. Namely, in this paper the Hamiltonian is not just the trace of the matrix Hamiltonian H, but is given by H = tr(HJ ), see Eq.(8). In the rest of the paper we restrict to the gauge λ_{ij} = ν_{ij}, ∀i, j .

In the same way as we have introduced the matrix Hamiltonian H, we introduce matrix generators with operator- valued matrix elements

T_+ =^1_2 XMX, T_− =^1_2 DM^{−1}D, T_0 =^1_4 (XD + DX) =^1_2 (XD +^1_2 V). (9)

They satisfy the relations

R[T_−, T_+]_J C = 2RT_0C, (10)

R[T_0, T_±]_J C = ±RT_±C, (11)

where the J − commutator is defined by

[A, B]_J = AJ B − BJ A. (12)

T_±, T_0 are related to the generators T_±, T_0 [17] of SU(1, 1) algebra in the following way : T_± = RT_±C = tr(T_±J ), T_0 = RT_0C = tr(T_0J ).

(13)

The wave functions ψ of the Hamiltonian (8) (H̃ψ = Eψ) are related to the column wave functions defined in (6). As it is readily seen, the connection is simply ψ(x_1, ..., x_N ) ∼ RΨ(X) and ψ^∗(x_1, ..., x_N ) ∼ Ψ^†(X)C .

If we further restrict ourselves to the case where ν_{ij} = ν , m_i = m for all i, j = 1, ..., N , then we recover the original Calogero model ( cf. Eq. (8)). In this case, we introduce the matrix creation and annihilation operators A^± defined by

A^± = 1 √ 2mω (mωX ∓ D) = 1 √ 2mω (mωX ∓ ıP). (14)

Then the following relations hold :

[A^−, A^+] = (1 − ν)1 + νJ (15) and H = ω 2 {A^−, A^+}, RHC = ωR[A^{−2}, A^{+2}]_J C, (16)

R[A^{∓k}, A^{∓l}]_J C = 0, R[H, A^{±k}]_J C = ±ωkRA^{±k}C, (17) where k, l can be arbitrary non-negative integers. In the above relations, [, ] and {, } denote the ordinary commutators and anticommutators, respectively.

Starting from the column vacuum state (7) ( now with all m_i equal to m ), which satisfies the condition A^−‖0⟩ = 0 , the complete matrix Fock space can be constructed. The general state of the full Fock space is generated by the operators (14) and can be written as

‖n_1, ..., n_N ⟩ ∼ N∏ k=1 (A^{+k}J )^{nk} ‖0⟩, (18)

where n_k = 0, 1, 2, ... and

A^−J A^{+n}‖0⟩ = nA^{+n−1}‖0⟩. (19)

The general state, Eq.(18), satisfies the equation

H ∗ ‖n_1, ..., n_N ⟩ ≡ HJ ‖n_1, ..., n_N ⟩ = E_{{n}}‖n_1, ..., n_N ⟩. (20)

Here again, E_{{n}} is the matrix that satisfies the relation 1 √ N RE_{{n}}‖n_1, ..., n_N ⟩ = 1 √ N E_{{n}}R‖n_1, ..., n_N ⟩

= E_{{n}}|n_1, ..., n_N ⟩ = (( N∑ k=1 kn_k + ε_0)ω)|n_1, ..., n_N ⟩, (21)

where ε_0 =^1_2 [1 + ν(N − 1)]N and E_{{n}} and |n_1, ..., n_N ⟩ are eigenvalues and eigenstates of the corresponding Calogero problem. For example, we explicitly show how the Hamiltonian H acts on the state A^{+n}‖0⟩ :

H ∗ A^{+n}‖0⟩ = ω(n1 + 1 2 VJ )A^{+n}‖0⟩. (22)

Note that after multiplying both sides of this equation by R from the left, we get the familiar result. Now we make complete correspondence with the ordinary Calogero model for identical particles.

The Fock space for the ordinary single-species Calogero model is generated by totally symmetric combinations A^±_k =

∑_N i=1(a^±_i )^k , (k =

1, 2, ..., N) of auxiliary creation and annihilation operators a^±_i =^{1√}_{2ω} (ωx_i∓ ∂ ∂x_i ∓ ν ∑ i≠j 1 x_i−x_j (1 − Kij )) , where the operators Kij exchange labels

i and j in all quantities [7,8].

To be more precise, the complete Fock space is spanned by the states of the form

∏_N

k=1(A^+_k )^{nk} |0⟩ , where |0⟩ ∼ e^{− mω2}

∑_N

i=1 x^2_i is the ordinary

vacuum, a^−_i |0⟩ = 0 for all i = 1, ..., N.

At this point we emphasize that the following crucial relations hold:

(a^+_i )^k_{/symm} = (A^{+k}C)_i, (a^−_i )^k_{/symm} = (RA^{−k})_i (23)

for every k = 1, 2, ..., N , which can be proved by induction. From this relation we immediately obtain

A^±_k = N∑ i=1 (a^±_i )^k_{/symm} = RA^{±k}C = tr(A^{±k}J ). (24)

The label symm designates that the action is restricted to the symmetric states only. In this case, the exchange operators K_{ij} coincide with the identity operator (K_{ij} ψ = ψ). Equations (23) provide one-to-one correspondence between our matrix oscillator and the ordinary single-species Calogero model. Note that in the matrix oscillator approach the exchange operators K_{ij} do not appear. The approach considered in this paper can be repeated in an arbitrary gauge, particularly in the gauge λ = 0.

3. Matrix oscillator and action We now construct an action for the matrix oscillator (1) for identical particles ( m_i = m, i = 1, ..., N; ν_{ij} = ν, i, j = 1, ..., N ) in order to describe two-dimensional systems of N charged particles with charge e in a magnetic field B. For this purpose, it is convenient to introduce the matrix X_1 = X, and a second matrix X_2 expressed in terms of P as

X_2 = − 1 eB P = − 1 mω P, (25)

where ω =^{eB}_m . Note that the trace T r[X_1, X_2] is equal to^N_{ıeB} , in accordance with the relation (2).

The coordinates of the electrons can be globally parametrized in a fuzzy way by introducing two N × N Hermitian matrices X_a; a = 1, 2. The action leading to the quantum matrix oscillator is then given by

S_M = eB 2 ∫ dtT r[ε_{ab}X_a(Ẋ_b − ı[A_0, X_b]) + 2θA_0] − ωeBN 2ψ̄ψ ∫ dtψ̄X_aX_aψ − ∫ dtψ̄A_0ψ, (26) where eBθ = k, A_0 is a matrix entering into the above action only linearly and ψ (ψ̄ = ψ^{∗T} ) is a boundary vector field. The action (26) is invariant under the transformations X_a → UX_aU^{−1}, ψ → Uψ, ψ̄ → ψ̄U −1, where U is a unitary matrix, U ∈ U(N). The term with ω serves as a potential box that keeps particles near the origin and also provides a Hamiltonian for the theory that chooses a unique ground state, while the last term in the action can be interpreted as a boundary term. The boundary fields here are not dynamical variables, but are frozen from the beginning because the action (26) does not include a corresponding dynamical term. The parts T r(X_a)^2 and ψ̄(X_a)^2ψ in the action are distinct, but, when acting on the singlet sector of the U(N) group, they will yield the same spectrum.

The variation of the action S_M in the field variable A_0 gives the equation of motion for the time component A_0 of the gauge field. This equation has the form

ıeB[X_1, X_2] + k1 − ψψ̄ = 0 (27)

and can be interpreted as the Gauss law. Now we pronounce the Gauss law (27) as a quantization condition imposed on the matrices X_1 and X_2, after which their matrix elements become operators.

In this way we have recovered the quantisation condition (2), in the case of identical particles, with the solution

−ıeB(X_2)_{ij} = ( ∂ ∂x_i + ∑ k≠i

λ_{ik}

x_i − x_k

)δ_{ij} −

1 − δ_{ij}

x_i − x_j ψ_iψ̄_j, (28)

It can be shown [15] that after the transformation to the Bargmann representation is made by the operator S = e^{−ωT+} e^{− 1}2ω^{T−} , the ground state ‖ 0⟩^B_ν of the transformed Hamiltonian has the form of the Laughlin wave function

‖ 0⟩^B_ν = S^{−1}‖ 0⟩_ν ∼ C ∏ i<j (x_i − x_j)^ν ≡ C|0⟩^B_ν , ν ≥ 0, (29)

and all eigenstates can be represented as C ∏ n ( ∑ i x_i^n)^{mn} ∏ i<j (x_i − x_j)^ν . (30)

The lowest state in a given tower with fixed ν is just a Laughlin wave function. Generally, the Laughlin wave function exponent ν = k + 1 is an integer number and, particularly, if ν is even, the system behaves as the Bose system, and for ν odd, it behaves as the Fermi system.

4. Conclusion

In conclusion, by introducing a pair of N ×N matrices, we have constructed a Hamiltonian for a single quadratic matrix oscillator that is required to obey deformed commutation relations. This is a generalization of a single deformed oscillator. Straightforward analysis has shown that this oscillator is equivalent to the multispecies Calogero model [16,17] in one dimension. Specially, in the case of identical particles, an alternative formulation of ladder operators has been proposed in which exchange operators do not appear. In terms of these operators, the complete Fock space has been constructed. Also, it was outlined that by transforming to a conveniently chosen representation (Bargmann representation), the quantum matrix oscillator (1) leads to Laughlin ground states. The equation of motion following from the modified Chern-Simons action has emerged as the deformed matrix quantisation condition, and the Laughlin wave function exponent ν = k +1 is an integer number. The restriction on the Laughlin wave function exponent ν > −^1_N is dictated by the existence of the ground state and because ν is an integer, it reduces to the condition ν ≥ 0. These considerations can be extended to all Calogero-like models, such as models in arbitrary dimensions,the Sutherland model (on a circle) and models defined on root systems and the supersymmetric Calogero model. Acknowledgment One of us (A.S.) would like to thank the Organising Committee of the Third Summer School in Modern Mathematical Physics for invitation to participate in the School and for giving a possibility to make this short report.

References

[1] F.Calogero, J.Math.Phys. 10 (1969) 2191, 2197; F.Calogero, J.Math.Phys. 12 (1971) 419; B.Sutherland, J.Math.Phys. 12 (1971) 246.

[2] M.A.Olshanetsky, A.M.Perelomov, Phys.Rept.71(1981)313.

[3] M.Caselle, U.Magnea, Phys.Rept394 (2004)41; T.Guhr, A.Muller-Groeling, H.A.Weidenmuller, Phys.Rept.299(1998)189; M.L.Mehta,Random matrices (Academic Press, 1991).

[4] T.Guhr, H.Kohler, J.Math.Phys.43,(2002)2741; H.J.Stoeckmann, J.Phys.A Math.Gen.37 (2004)137; S.Jain, Mod.Phys.Lett. A11 (1996)1201; B.D.Simons, P.A.Lee, B.L.Altshuler, Phys.Rev.Lett. 70 (1993)4122.

[5] D.Birmingham, K.S.Gupta, S.Sen, Phys.Lett. B 505 (2001) 191; G.W.Gibbons, P.K.Townsend, Phys.Lett. B454, 187(1999).

[6] J.Gomis, A.Kapustin, JHEP 0406(2004)002.

[7] A.P.Polychronakos, Phys.Rev.Lett. 69 (1992) 703.

[8] L.Brink, T.H.Hansson, M.Vasiliev, Phys.Lett. B 286 (1992) 109; L.Brink, T.H.Hansson, S.E.Konstein, M.Vasiliev, Nucl.Phys. B 384 (1993) 591.

[9] A.P.Polychronakos,in “Topological Aspects of Low-Dimensional Systems”, Proceedings of the Les Houches session LXIX Summer school, Springer 1998.

[10] A.P.Polychronakos, Phys.Lett.B277(1992)102; A.P.Polychronakos, Phys.Lett.B403(1997)239; A.P.Polychronakos, Nucl.Phys.B546(1999)495.

[11] D.Kazhdan, B.Kostant, S.Sternberg, Comm.Pure Appl. Math.vol.31 (1978) 481.

[12] A.Gorsky, N.Nekrasov, Nucl.Phys. B414 (1994) 213.

[13] L. Susskind, The quantum Hall fluid and non-commutative Chern-Simons theory, hep-th/0101029; A. P. Polychronakos, JHEP 0104 (2001) 011; S. Hellerman, M. Van Raamsdonk, JHEP 0110 (2001) 039.

[14] S. Meljanac, A.Samsarov, Phys.Lett.B 600 (2004) 179, hep-th/0408241.

[15] S. Meljanac, A.Samsarov, hep-th/0412068.

[16] P.Forrester, J. Phys. A: Math. Gen. 25 (1992) L607; C.Furtlehner, S.Ouvry, Mod.Phys.Lett. B9 (1995) 503; D.Sen, Nucl. Phys. B 479 (1996) 554; A.Dasniers de Veigy, Nucl. Phys. B 483 (1997) 580; S.Maskhevich, Phys. Lett. A 233 (1997) 30. [17] S. Meljanac, M. Mileković , A.Samsarov, Phys.Lett.B 573(2003) 202; S. Meljanac, M. Mileković , A.Samsarov, M. Stojić , Mod.Phys.Lett.B, Vol.18 (2004) 603, hepth/0405132; S. Meljanac, M. Mileković , A.Samsarov, Phys.Lett.B 594 (2004) 241, hep-th/0405131.