Green Ansatz for Deformed Parastatistics^∗

Todor Popov^† Institute for Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, Tsarigradsko chaussée 72, BG-1784 Sofia, Bulgaria

Abstract

We make use of the noncocommutative Hopf structure on the deformed parastatistics algebras pB_q(n) and pF_q(n) in order to construct a deformed version of the Green ansatz.

Green introduced the parafermionic and parabosonic commutation relations [1]

[[a^+_i , a^−_j ]_∓, a^+_k ] = 2δ_{jk}a^+_i , [[a^+_i , a^−_j ]_∓, a^−_k ] = −2δ_{ik}a^−_j ,

[[a^+_i , a^+_j ]_∓, a^+_k ] = 0 , [[a^−_i , a^−_j ]_∓, a^−_k ] = 0 , (1) as a quantization scheme more general than the canonical commutations relations for fermions and bosons keeping the harmony with the quantum mechanical equations of motion. To each degree of freedom one associates a partial hamiltonian h_i =^1_2 [a^+_i , a^−_i ]_∓ and number operator N_i = a^+_i a^−_i . The full hamiltonian h defines equations of motion coinciding with these for the ordinary fermions and bosons as seen from (1) h = ∑ i h_i , [h, a^±] = ±a^± (= d dt a^±) .

The relations (1) taken with the upper (lower) sign define a (super)algebra which will be refered to as parafermionic pF (parabosonic pB). We denote pF(n) and pB(n) the parastatistics algebras with finite number n degrees of freedom.

The unitary representations π_p of the parastatistics algebras pB(n) and pF(n) with unique vacuum |0⟩^{(p)} are indexed by a non-negative integer p

π_p(a^−_i )|0⟩^{(p)} = 0 π_p(a^−_i )π_p(a^+_j )|0⟩ = pδ_{ij} |0⟩^{(p)} (2)

∗ The talk is based on the joint work [10] with Boyka Aneva. † e-mail address: . 457 called the order of parastatistics. In the representation π_p of pF(n) (pB(n)) the hamiltonian h_i∗ and the number operator N_i are related by 2h_i = 2N_i ∓ p and the constant ∓^p_2 plays the role of the energy of the vacuum associated to each degree i. The bosonic B(n) and the fermionic F(n) algebras arise as special cases when p = 1.

It turns out that the parafermi algebra pF(n) is isomorphic to the universal enveloping algebra U(so_{2n+1})[2] orthogonal algebra so(2n + 1) while the parabose algebra pB(n) is isomorphic to the universal enveloping algebra (UEA) U(osp_{1,2n})algebra osp(1|2n) [3]

pF(n) ≃ U(so_{2n+1}) pB(n) ≃ U(osp_{1,2n}). (3)

The idea of the deformation of the parastatistics algebras [8, 9] is to “quantize” the isomorphism (3), i.e., to deform the relations (1) in such a way that the deformed algebra is isomorphic to the Quantized UEA [4, 5, 6, 7]

pF_q(n) ≃ U_q(so_{2n+1}) pB_q(n) ≃ U_q(osp_{1,2n}). (4)

The answer is given by the following theorem extending the results of [8], [9].

THEOREM [10] The deformed parafermionic pF_q(n) (parabosonic pB_q(n)) algebra is the associative (super)algebra generated by the generators a^±_i and q^{±hi} for i = 1, . . . , n subject to the relations

q^{hi} a^±_j q^{−hi} = q^{±δij} a^±_j , q^{±hi} q^{hj} = q^{hj} q^{±hi} , q^{±hi} q^{∓hi} = 1 , (5)

[[a^+_i , a^−_i ]] = q^{hi} − q^{−hi} q^12 − q^{− 1}2

= [2h_i] ( [x] := q^x2 − q^{− x}2 q^12 − q^{− 1}2 ) , (6)

[[[[a^+_i , a^−_j ]], a^+_k ]]_q−δ_{ik}σ_{j,k} = [2] δ_{jk}a^+_i q^{σi,j hj} + (q − q^{−1})θ_{i,j;k}a^+_i [[a^+_k , a^−_j ]], (7)

[[[[a^+_i , a^−_j ]], a^−_k ]]_q−δ_{jk}σ_{i,k} = − [2]δ_{ik}a^−_j q^{−σi,j hi} − (q − q^{−1})θ_{j,i;k}[[a^+_i , a^−_k ]]a^−_j , (8)

together with the analogues of the Serre relations

[[a^±_{i2} , [[a^±_{i1} , a^±_{i3} ]]]]_q−2 − q^{−1}[[[[a^±_{i1} , a^±_{i2} ]], a^±_{i3} ]] = 0 , i_1 < i_2 ≤ i_3 , (9) [[[[a^±_{i1} , a^±_{i3} ]], a^±_{i2} ]]_q−2 − q^{−1}[[a^±_{i1} , [[a^±_{i3} , a^±_{i2} ]]]] = 0 , i_1 ≤ i_2 < i_3 . (10)

The generators a^±_i are taken to be even deg(a^±_i ) = ¯0 (odd deg(a^±_i ) = ¯1) and [[a, b]]_x = ab − (−1)^{deg(a)deg(b)}x ba. The symbols θ_{i,j;k}, σ_{i,j} stay for θ_{i,j;k} =^1_2 ϵ_{ij} ϵ_{ijk}(ϵ_{jk} − ϵ_{ik}), σ_{i,j} = ϵ_{ij} + δ_{ij} or σ_{i,j} = ϵ_{ij} − δ_{ij}.^{(1}

1) ϵ stays for the Levi-Civita symbol with ϵij = 1 for i < j. The tensor θi,j;k = −θj,i;k is vanishing except for k in between i and j, when it takes values ±1 for i < k < j and i > k > j, respectively.

The Lie (super)algebras so_{2n+1} and osp_{1,2n} are determined by their Dynkin diagrams

∘_1 � ∘_2 � � ∘n−1 � ∘_n B(n) ≡ so_{2n+1} (11) ∘_1 � ∘_2 � � ∘n−1 � •_n B(0, n) ≡ osp_{1,2n} (12)

the corresponding Cartan matrices coincide and the relations of QUE algebras are the same modulo the Z_2-grading.

The Chevalley generators E_i = E_{αi} and H_i = H_{αi} correspond to the simple roots α_i expressible in the orthogonal basis ε_i of the root space as

α_i = ε_i − ε_{i+1} 1 ≤ i ≤ n − 1, α_n = ε_n (13)

This change is invertible which means that ε_i is another basis in the root space ε_i = α_i + α_{i+1} + . . . + α_n (14)

The generators a^±_i = E_{±εi} and h_i = H_{εi} attached to the roots ε_i provide a “physical” basis for the Lie (super)algebra which is an alternative of the Chevalley basis.

The connection of the new basis with the Chevalley basis worked out in [8], [9] reads q^{hi} = q^{Hi+...+Hn} ,

a^+_i = E_{αi+αi+1...+αn} = [E_i, [E_{i+1}, . . . [E_{n−1}, E_n]_q−1 . . .]_q−1 ]_q−1 , a^−_i = E_{−αn−αn−1...−αi} = [[. . . [E_{−n}, E_{−n+1}]_q . . . , E_{−(i+1)}]_q, E_{−i}]_q .

(15)

The QUE algebras U_q(so_{2n+1}) and U_q(osp_{1,2n}) are endowed with the Drinfeld-Jimbo coalgebraic structure [4], [5] termed in the Chevalley basis

ΔH_i = H_i ⊗ 1 + 1 ⊗ H_i , S(H_i) = −H_i , ϵ(H_i) = 0 , ΔE_i = E_i ⊗ 1 + q^{Hi} ⊗ E_i , S(E_i) = −q^{−Hi} E_i , ϵ(E_i) = 0 , ΔE_{−i} = E_{−i} ⊗ q^{−Hi} + 1 ⊗ E_{−i} , S(E_{−i}) = −E_{−i}q^{Hi} , ϵ(E_{−i}) = 0 .

(16)

The connection between the Chavalley and parastatistics basis (15) of U_q(so_{2n+1}) and U_q(osp_{1,2n}) induce a Hopf structure on the operators a^±_i and q^{hi} which we are going to explicite.

The QUE algebras U_q(g) of a Lie (super)algebra g is generated by the elements of an upper-triangular and a lower triangular matrices L^{(+)} and L^{(−)}

R^{(+)}L^{(±)}_1 L^{(±)}_2 = L^{(±)}_2 L^{(±)}_1 R^{(+)} , R^{(+)}L^{(+)}_1 L^{(−)}_2 = L^{(−)}_2 L^{(+)}_1 R^{(+)} , (17)

where L^{(±)}_1 = 1⊗L^{(±)}, L^{(±)}_2 = L^{(±)} ⊗1 and R^{(+)} = P RP is the corresponding R-matrix for U_q(g) [6]. The L^{(+)} and L^{(−)} matrices for U_q(so_{2n+1}) and

U_q(osp_{1,2n}) are surprisingly simpe when written down in terms of the new basis. The n × n minor of the (n + 1) × (n + 1) matrix L^{(+)} reads

( L^{(+)}_{ij} ) 1≤i,j≤n+1 = q^{h1} ω[[a^+_1 , a^−_2 ]] ω[[a^{+1}, a^−_3 ]] . . . ω[[a^+_1 , a^−_n ]] ca^+_1

0 q^{h2} ω[[a^+_2 , a^−_3 ]] . . . ω[[a^+_2 , a^−_n ]] ca^+_2

0 0 q^{h3} . . . ω[[a^+_3 , a^−_n ]] ca^+_3 . . . . . . ... . . . . 0 0 0 . . . q^{hn} ca^+_n 0 0 0 . . . 0 1 (18)

where ω = q^12 − q^{− 1}2 . The coefficient c = q^{− 1}2 (q − q^{−1}). One has L^{(−)}_{ji} = (L^{(+)}_{ij} )^∗.

The coproduct Δ on U_q(g) is expressed through the succinct formulae [6]

ΔL^{(±)}_{ik} = ∑ jL^{(±)}_{ij} ⊗ L^{(±)}_{jk} , (19)

which allows to obtain the coproduct on the parastatistics basis as multiplication of two upper(lower)-triangular matrices (18). This yields Δq^{±hi} = q^{±hi} ⊗ q^{±hi}

Δa^+_i = a^+_i ⊗ 1 + q^{hi} ⊗ a^+_i + ω ∑ i<j≤n[[a + i , a^−_j ]] ⊗ a^+_j , (20)

Δa^−_i = a^−_i ⊗ q^{−hi} + 1 ⊗ a^−_i − ω ∑ i<j≤na − j ⊗ [[a^+_j , a^−_i ]] . (21)

With similar calculations one find the antipode and the counit(see [10]).

The representations π_p of the deformed parastatistics algebras pB_q(n) and pF_q(n) are again indexed with the order of the parastatistics p. Due to eq.(6) the spectrum of the energy gets deformed and “quantum” version of (2) holds π_p(a^−_i )π_p(a^+_j )|0⟩^{(p)} = [p]δ_{ij} |0⟩^{(p)} . (22)

Let us give the simplest non-trivial example, the fundamental representaion π_1 for pB_q(n). The algebra of the q-deformed bosonic oscillators B_q(n) arises as a particular representation π_1 of parabosonic order p = 1 of the pB_q(n) (for details see [8])

a^−_i a^+_i − qa^+_i a^−_i = q^{−N i} a^−_i a^+_i − q^{−1}a^+_i a^−_i = q^{N i} a^+_i a^+_j − q^{ϵij} a^+_j a^+_i = 0 a^+_i a^−_j − q^{ϵji} a^−_j a^+_i = 0 a^−_i a^−_j − q^{ϵij} a^−_j a^−_i = 0 a^−_i a^+_j − q^{ϵji} a^+_j a^−_i = 0

(23)

We have adopted the notaion π_1(x) = x and use N_i = h_i −^1_2 .

Remark. As distinct from the relations of pB_q(n) and pF_q(n) the relations of the q-deformed bosonic and fermionic oscillators do not define Hopf ideals and consequently there is no Hopf structure on B_q(n) and F_q(n).

The Green ansatz states that the parafermi (parabose) oscillators a^+_i and a^−_i can be represented as sums of p fermi (bose) oscillators

π_p(a^+_i ) = p∑ r=1 a^+_{i (r)} , π_p(a^−_i ) = p∑ r=1 a^−_{i(r)} , (24)

satisfying quadratic commutation relations of the same type (i.e., fermi for parafermi and bose for parabose) for equal indices (r)

[a^−_{i(r)}, a^+_{k (r)}]_± = δ_{ik}, [a^−_{i(r)}, a^−_{k(r)}]_± = [a^+_{i (r)}, a^+_{k (r)}]_± = 0, (25)

and of the opposite type for the different indices

[a^−_{i(r)}, a^−_{k(s)}]_∓ = [a^+_{i (r)}, a^+_{k (s)}]_∓ = [a^−_{i(r)}, a^+_{k (s)}]_∓ = 0 r ≠ s. (26)

The upper (lower) signs stay for the parafermi (parabose) case.

Every representation of pF(n) and pB(n) arises as tensor power of the fundamental, oscillator representation. But the tensor power of representations can be endowed with structure of representation with the help of the coproduct. In this way the Green ansatz arises through iteration of the coproduct [11](see also [12]). The same logic allows to define the Green ansatz as we are going to show.

Let us denote the iteration of the coproduct by Δ^{(p)}

Δ^{(1)} = id, Δ^{(2)} = Δ, . . . , Δ^{(p)} = (Δ ⊗ 1 ⊗ . . . ⊗ 1 p−1 ) ∘ Δ^{(p−1)} (27)

Let us consider the parabose algebra pB(n). The element Δ^{(p)}(a^±_i ) ∈ (pB(n))^{⊗p}. is evaluated with π_1 on each slot of the tensor power on the bosonic Fock space

π^{⊗p}_1 ∘ Δ^{(p)}(a^+_i ) = p∑ r=1 1 ⊗ . . . ⊗ 1 r−1 ⊗ π_1(a^+_i ) ⊗ 1 ⊗ . . . ⊗ 1 p−r := p∑ r=1 a^±_{i (r)} (28)

The summands are to be identified with the Green components a^±_{i (r)}. Indeed, it is evident that the elements of the kind

1^{⊗(r−1)} ⊗ π_1(a^±_i ) ⊗ 1^{⊗(p−r)}

satisfy the bosonic commutation relations for equal indices (r) and it is easy to see that they do anticommute for different (r), because of the Z_2-grading of the underlying tensor product for pB(n). Analogously one checks for pF(n). Thus we saw that the relations (25) and (26) are satisfied from the elements 1^{⊗(r−1)} ⊗ π_1(a^±_i ) ⊗ 1^{⊗(p−r)} hence these provide realization of the Green components. We have seen that the Green ansatz (24) is summarized in π_p(a^+_i ) = π^{⊗p}_1 ∘ Δ^{(p)}(a^+_i ) π_p(a^−_i ) = π^{⊗p}_1 ∘ Δ^{(p)}(a^−_i ) (29)

This sophisticated way to write the Green ansatz shows up that every representation is obtain as a product of the fundamental one and gives us a hint for generalization after the deformation.

DEFINITION The system of quadratic exchange relations stemming from the commutativity of the diagrams

pF_q(n)^{Δ(p)}−→ pF_q(n)^{⊗p}

π_p ↘ ↓ π^{⊗p}_1 F_q(n)^{⊗p} pB_q(n)^{Δ(p)}−→ pB_q(n)^{⊗p} π_p ↘ ↓ π^{⊗p}_1 B_q(n)^{⊗p}

will be referred to as deformed Green ansatz of parastatistics of order p. Let us show the consistency of the condition (22) with the deformed Green ansatz. The vacuum state |0⟩^{(p)} of the representation π_p is to be identified with the tensor power of the oscillator (p = 1) vacuum, |0⟩^{(p)} = |0⟩^{⊗p}. Evaluating the image of the graded commutator (6)

Δ^{(p)}[[a^+_i , a^−_i ]] = [[Δ^{(p)}a^+_i , Δ^{(p)}a^−_i ]] =

(q^{hi} )^{⊗p} − (q^{−hi} )^{⊗p} q^12 − q^{− 1}2

, (30)

on the vacuum state |0⟩^{⊗p} in the oscillator representations π^{⊗p}_1 we get the defining condition (22) of the deformed π_p

∓π^{⊗p}_1 ∘ Δ^{(p)}[[a^+_i , a^−_i ]]|0⟩^{(p)} = π_p(a^−_i ) π_p(a^+_i )|0⟩^{(p)} = [p]|0⟩^{(p)} ( = q^p2 − q^{− p}2 q^12 − q^{− 1}2

|0⟩^{(p)} )

since π_1(q^{hi} ) = q^{Ni∓ 1}2 for pF_q(n), pB_q(n) respectively, which shows the consistency.

The mapping π^{⊗p}_1 ∘ Δ^{(p)} can be split up into the following Green components

a^+_{i (r)} = ∑ k_1,...,k_r

L^{(+)}_{ik1} ⊗ L^{(+)}_{k1k2} ⊗ . . . ⊗ L^{(+)}_{kr−1kr} ⊗ a^+_{kr} ⊗ 1 . . . ⊗ 1 ,

a^−_{j(r)} = ∑ k_1,...,k_{p−r}

1 ⊗ . . . ⊗ 1 ⊗ a^−_{k1} ⊗ L^{(−)}_{k1k2} ⊗ L^{(−)}_{k2k3} ⊗ . . . ⊗ L^{(−)}_{kp−rj} ,

(31) where the upper (lower) triangularity of the matrices L^{(+)}(L^{(−)}) infers that only the terms subject to the inequalities i ≤ k_1 ≤ . . . ≤ k_r ≤ n are nonzero ( respectively n ≥ k_1 ≥ . . . ≥ k_{p−r} ≥ j ).

At the end of the day, after lengthy calculations with the deformed oscillator algebra we obtain the following system of relations

[a^+_{i(r)}, a^+_{j(s)}]_∓ = ∓(q − q^{−1})a^+_{j(r)}a^+_{i(s)} , [a^−_{i(r)}, a^−_{j(s)}]_∓ = 0, i < j , [a^−_{i(r)}, a^−_{j(s)}]_∓ = ±(q − q^{−1})a^−_{j(r)}a^−_{i(s)} , [a^{+i}_{(r)}, a^{+j}_{(s)}]_∓ = 0 , i > j ,

(32)

[a^+_{i(r)}, a^+_{i(s)}]_{∓q} = 0 , [a^−_{i(r)}, a^−_{i(s)}]_{∓q}−1 = 0 , (33)

[a^−_{i(r)}, a^{+j}_{j(s)}]_∓ = 0 , (34)

when r ≠ s and when the Green indices coincide one gets

[a^+_{i(r)}, a^+_{j(r)}]_{±q}∓ϵ_{ij} = 0 , [a^−_{i(r)}, a^−_{j(r)}]_{±q}∓ϵ_{ij} = 0 , [a^−_{i(r)}, a^+_{j(r)}]_{±q}∓1 = q^{∓ 1}2 Q^{(−)}_{ji(r)} , [a^−_{i(r)}, a^+_{j(r)}]_{±q}±1 = q^{± 1}2 Q^{(+)}_{ji(r)} ,

(35)

where the operators Q^{(±)}_{ji(r)} are quadratic in the Green components

q^{∓ 1}2 Q^{j(−)}_{i(r)} = (q − q^{−1})

∑_{r−1} s=1 q^{∓(r−s)}a^{+j}_{(s)}a^−_{i(s)} = (q^{± 1}2 Q^{i(+)}_{j(r∗)})^∗ , i > j , q^{∓ 1}2 Q^{j(−)}_{i(r)} = −(q − q^{−1})

∑_p

s=r q^{∓(r−s)}a^{+j}_{(s)}a^−_{i(s)} = (q^{± 1}2 Q^{i(+)}_{j(r∗)})^∗ , i < j .

(36)

When dealing with the parafermionic algebra pF_q(n) we have the complementary relations (a^±_{i(r)})^2 = 0.

The obtained system of relations is the counterpart of the relations (25), (26) and defines the deformation of the Green ansatz.

References [1] H. S. Green. Phys. Rev. 90(1953), 270-273.

[2] S. Kamefuchi, Y. Takahashi. Nucl. Phys. 36(1962), 177-206.

C. Ryan, E.C.G. Sudarshan. Nucl. Phys. 47(1963), 206-211. [3] A. Ganchev, T. Palev. J. Math. Phys. 21(1980) 797. [4] V. G. Drinfeld. Proceedings of the International Congress of Mathematicians, Berkley, 1986, A.M.Gleason (ed.) (American Mathematical Society, Providence, RI, 1987) pp. 798-820 [5] M. Jimbo. Lett. Math. Phys. 10(1985), 63-69.

[6] L. Faddeev, N. Reshetikhin, L. Takhtajan. Algebra i Analiz 1(1989), english translation: Leningrad Math. J. 1(1990) [7] S. M. Khoroshkin, V. N. Tolstoy. Commun. Math. Phys. 141(1991), 599-617.

[8] L. K. Hadjiivanov. J. Math. Phys. 34 (1993), 5476-5492. [9] T. D. Palev. J.Phys.A:Math. Gen. 26(1993), L1111-L1116; Lett. Math.

Phys. 31(1994), 151-158.

[10] B. Aneva, T. Popov. The Hopf Algebraic Structure on the Parastatistics Algebras and the Green Ansatz. math-ph/0412016 [11] T. D. Palev. J.Phys. A 27(1994), 7373-7386 [12] C. Daskaloyannis, K. Kanakoglou, I. Tsohanatjis. J. Math. Phys.

41(2000), 652.

C. Quesne. for Paraparticles. Phys. Lett. A 260 (1999), 437-440.