Floer Homology in Classical Mechanics and Quantum Field Theory^∗

Darko Milinković^† Matematički fakultet, Studentski trg 16, 11000 Belgrade, Serbia

Abstract

In this article, we discuss several applications of symplectic Floer theory related to Classical and Quantum Physics.

1. Introduction In the series of papers [4]-[11] A. Floer applied Witten’s formulation of finite dimensional Morse theory [29] to certain infinite dimensional situation. Although his original motivation was rooted in a problem arising in Classical Mechanics, the main role of his homology theory in Mathematical Physics today is related to the Quantum Field Theory. Floer homology can be considered as 1+1 dimensional quantum field theory. Structure on the Floer homology ring are related to the ring structure on the Quantum cohomology, given by Gromov-Witten invariants. Furthermore, Floer homology for Lagrangian submanifolds is the symplectic mirror part for the category of coherent sheaves in Mirror Symmetry. In this article, we will review some aspects of Floer homology and sketch some recent developments.

2. Topological Quantum Field Theory Topological quantum field theory in dimension d is a functor Z from the category of d–dimensional compact oriented smooth manifolds to the category of complex vector spaces, that satisfies the following axioms: (A0) Z(∅) = C – the complex numbers, (A1) Z(Σ^∗) = Z(Σ)^∗, where the star on the left denotes the change of orientation, and on the right the dual vector space, (A2) Z(Σ_1 ∪ Σ_2) = Z(Σ_1) ⊗ Z(Σ_2) ∼= Hom(Z(Σ_1)^∗, Z(Σ_2)) If Σ is the boundary of (d + 1)–dimensional manifold X (Σ = ∂X), then Z(X) is a vector in Z(Σ) and

∗ Author’s work is partially supported by Serbian Ministry of Science, Technologies and development Projects 1643 and 1863.

† e-mail address: milinko@matf.bg.ac.yu . 439

(A3) If ∂X_1 = Σ_1 ∪ Σ_2, ∂X_2 = Σ_2 ∪ Σ_3 are two (d_1)–dimensional manifolds with common part of the boundary Σ_2, and X_1 ∪_{Σ2} X_2 is the manifold obtained by gluing X_1 and X_2 along Σ_2, then Z(X_1 ∪_{Σ2} X_2) = Z(X_2) ∘ Z(X_1), (A4) Z(Σ × [0, 1]) = Id : Z(Σ) → Z(Σ).

(see [1, 30] for the physical background and motivation). We will consider the case d = 1. Since the only one–dimensional compact manifold is a circle S^1, we have to deal with only one complex vector space H := Z(S^1). Let X be a compact 2–dimensional manifold with boundary diffeomorphic to the union of circles. Every 2–dimensional compact manifold can be decomposed to the union of pants, caps and cylinders. Therefore, in order to understand the homomorphism Z(X) it is enough to understand it on these three model cases. The first one gives rise to the multiplication H ⊗ H → H, a ⊗ b → a ∗ b, the second to the one–form θ ∈ H^∗, i.e. the linear mapping θ : H → C, and the third one to the scalar product H ⊗ H → C, a ⊗ b → ⟨a, b⟩.

Using (A3) we can easily see that these three operations are related by ⟨a, b⟩ = θ(a ∗ b).

This algebraic structure is called Frobenius algebra (see [3, 13]).

3. Two examples Let M be a compact symplectic manifold.

3.1. Quantum Cohomology For homology classes α, β, γ ∈ H_∗(M) and A ∈ H_2(M), Gromov – Witten invariant Φ_A(α, β, γ) is the number of holomorphic spheres in class A that touch the representatives of the classes α, β and γ. The quantum cohomology ring is the ring QH^∗(M) := H^∗(M) ⊗ Z[q, q^{−1}] with multiplication defined in the following way. For a = ∑ a_iq^i, b = ∑ b_j q^j, c = ∑ c_kq^k, we define ⟨a ∗ b, c⟩ := ∑ i,j,k ∑ A Φ_A(D(a_i), D(b_j), D(c_k)),

where D denotes the Poincaré dual and ⟨·, ·⟩ the scalar product induced by intersection form in (co)homology (see [16]).

3.2. Floer Cohomology

Let H : M × [0, 1] → R be a Hamiltonian function. The Floer chain group CF^∗(M, H) is a group generated by time–one periodic orbits of the Hamiltonian system generated by H. The ”gradient lines” of the classical Hamiltonian action functional A_H are the perturbed Cauchy–Riemann equations ¯∂u = −∇H(u). Considered on the model case of cylinder, they give rise to the co–boundary operator

d : CF^∗(M, H) → CF^{∗+1}(M, H),

and, consequently, the cohomology HF^∗(M, H) called Floer homology (see e.g. lecture notes [27] for more details). It has a product structure, defined by means of the equation ¯∂u = −∇H(u) on the pair of pants model surface (see [28] for more details on Floer cohomology operations defined by means of S^1–cobordisms). It is remarkable fact that these two cohomologies are isomorphic:

HF^∗(M, H) ∼= QH^∗(M). (1)

In particular, the Floer cohomology is independent of the choice of Hamiltonian. We will give now some applications of this fact.

4. Two Applications to Classical Mechanics

4.1. Arnold Conjecture

It follows from (1) that the number of the periodic orbits of a Hamiltonian system on M is estimated from below by the dimension of H^∗(M), i.e.

P er(H) ≥

dim M∑ k=0 β_k(M),

where β_k(M) are the Betti numbers of M. The proof of this conjecture was the original motivation for Floer to develop his homology theory.

4.2. Hofer’s Geometry

Following Polterovich [26], we will formulate Hofer’s geometry as an answer to the following question. Let φ : M → M be a Hamiltonian diffeomorphism. What is the minimal amount of energy required to generate it? If {φ_t}_{0≤t≤1} is any Hamiltonian path with φ_1 = φ, H(x, t) a Hamiltonian generating it, and

l(φ_t) :=

∫_1 0 (max_{x∈M} H(x, t) − min_{x∈M} H(x, t)) dt,

then the question about finding the minimal energy is the question of find- ing E(φ) := inf l(φ_t), where the infimum is taken over all Hamiltonian paths φ_t with φ_1 = φ. It was proved by Hofer [14] and Lalonde – McDuff [15] that

d(φ, ψ) := E(φ ∘ ψ^{−1})

defines a metric on the infinite dimensional Lie group of Hamiltonian diffeomorphisms. Therefore, the dynamical question posed above can be translated to the geometric one: what is the distance between φ and the identity? The question is obviously related to the description of geodesics in Hofer’s geometry. They were first studied by Bialy and Polterovich in [2] by means of Hamilton – Jacobi equations. The application of the Floer theory to study of geodesics is explained in [26]. Hofer’s geometry can be generalized to Lagrangian submanifolds. Lagrangian submanifolds generalize Hamiltonian diffeomorphisms and could be considered as ”symplectic relations” (see e.g. [17]). Floer homology groups can also be defined by considering the Hamiltonian orbits with Lagrangian boundary conditions instead of periodic orbits (see [6, 21, 22, 23] or a comprehensive survey [12]). Hofer’s geometry for Lagrangian submanifolds via Floer homology is studied in [24, 25], [20], [18, 19]. Floer homology there plays the pivotal role in construction of homological symplectic invariants related to the dynamics of the Hamiltonian system. For a Hamitlonian H, Floer homology groups are filtrated by the value of the action functional A_H (C) = ∫ C pdq − Hdt.

Let HF^∗_λ (H) be the subgroup of HF^∗(H) generated by those Hamiltonian orbits C with A_H (C) ≤ λ. Let

ρ(H) := inf{λ | HF^∗(H) → HF^∗_λ (H) is nontrivial}

(see [24, 25, 20]). Let φ_t be a Hamiltonian path generated by H. Then d(Id, φ) ≥ ρ(H) + ρ(H̄), where H̄(x, t) = −H(φ_t(x), t). This enables us to control the behavior of Hofer’s distance by the homological invariants. Some applications of this fact are given in [24, 25, 18, 19, 20].

References

[1] M. Atiyah, The geometry and Physics of Knots, Cambridge University Press, 1990.

[2] M. Bialy, L. Polterovich, Geodesics of Hofer’s metric on the group of Hamiltonian diffeomorphisms, Duke Math. J. 76 (1994) 273–292.

[3] B. A. Dubrovin, Geometry of 2D Topological Field Theories, Springer–Verlag, 1996.

[4] A. Floer, Proof of the Arnold conjecture for surfaces and generalizations to certain Kähler manifolds, Duke J. Math. 53 (1986) 1–32.

[5] A. Floer, An instanton invariant for 3-manifolds, Comm. Math. Phys. 118 (1988) 215–240.

[6] A. Floer, Morse theory for Lagrangian intersections, J. Diff. Geom. 18 (1988) 513–517.

[7] A. Floer, The unregularized gradient flow of symplectic action, Comm. Pure. Appl.

Math. 41 (1988) 775–813.

[8] A. Floer, A relative Morse index for symplectic action, Comm. Pure Appl. Math.

41 (1988) 393–407.

[9] A. Floer, Cuplength estimates on Lagrangian intersections, Comm. Pure Appl.

Math. 42 (1989) 335–356.

[10] A. Floer, Symplectic fixed points and holomorphic spheres, Comm. Math. Phys.

120 (1989) 575–611.

[11] A. Floer, Witten’s complex and infinite dimensional Morse theory, J. Diff. Geom.

30 (1989) 207–221.

[12] K. Fukaya, Y.-G. Oh, H. Ohta, K. Ono, Lagrangian Intersection Floer Theory, Kyoto University preprint, 2000.

[13] N. Hitchin, Frobenius Manifolds, in Gauge Theory and Symplectic Geometry, Kluwer Academic Publishers, 1997, J. Hurtubise and F. Lalonde (eds.), 69–112.

[14] H. Hofer, On the topological properties of symplectic maps, Proc. Royal Soc. Edinburgh 115A (1990) 25–38.

[15] F. Lalonde, D. McDuff, The geometry of symplectic energy, Ann. of Math. 141 (1995) 349–371.

[16] D. McDuff, D. Salamon, J-holomorphic Curves and Quantum Cohomology, Amer.

Math. Society, 1994.

[17] D. McDuff, D. Salamon, Introduction to Symplectic Topology, 2nd edition, Calrendon Press, Oxford, 1998.

[18] D. Milinković, Geodesics on the spase of Lagrangian submanifolds in cotangent bundles, Proc. Amer. Math. Soc. 129 (2001) 1843–1851.

[19] D. Milinković, Action spectrum and Hofer’s distance between Lagrangian submanifolds, Diff. Geometry Appl. 17 (2002) 69–81.

[20] D. Milinković, Y.-G. Oh, Generating functions versus action functional; Stable Morse theory versus Floer theory, CRM Proceedings and Lecture Notes 15 (1998) 107–125.

[21] Y.-G. Oh, Floer homology of Lagrangian intersections and pseudo–holomorphic discs I, Comm. Pure and Appl. Math 46 (1993) 949–994.

[22] Y.-G. Oh, Floer homology of Lagrangian intersections and pseudo–holomorphic discs II, Comm. Pure and Appl. Math 46 (1993) 995–1012.

[23] Y.-G. Oh, Floer homology of Lagrangian intersections and pseudo–holomorphic discs III, Ardnold–Givental conjecture, The Floer Memorial Volume (H. Hofer, C. Taubes, A. Weinstein, E. Zehnder, eds), Birkhäuser, Basel, 1999, 555–573.

[24] Y.-G. Oh, Symplectic topology as the geometry of action functional I – Relative Floer theory on the cotangent bundle, J. Differential Geom. 45 (1997) 499–577.

[25] Y.-G. Oh, Symplectic topology as the geometry of action functional II – Pants product and cohomological invariants, Comm. Anal. Geom. 7 (1999) 1–55.

[26] L. Polterovich, The Geometry of the Group of Symplectic Diffeomorphisms, Birkhäuser, 2001.

[27] D. Salamon, Lectures on Floer homology, in Symplectic Geometry and Topology (Ya. Eliashberg, L. Traynor, eds), IAS/Park City Mathematics Series, Vol. 7, Amer. Math. Society and Institute for Advanced Study, 1999.

[28] M. Schwarz, PhD thesis, ETH Zürich, 1995.

[29] E. Witten, Supersymmetry and Morse theory, J. Diff. Geom. 17 (1982), 661–692.

[30] E. Witten, Topological quantum field theory, Comm. Math. Phys. 117 (1988) 353– 386.