On the Resolution of Space-Time Singularities II

M. Maceda^1, J. Madore^{1,2} 1 Laboratoire de Physique Théorique Université de Paris-Sud, Bâtiment 211, F-91405 Orsay 2 Max-Planck-Institut für Physik Föhringer Ring 6, D-80805 München

Abstract

In previous articles it has been argued that a differential calculus over a noncommutative algebra uniquely determines a gravitational field in the commutative limit and that there is a unique metric which remains as a commutative ‘shadow’. Some examples were given of metrics which resulted from a given algebra and given differential calculus. Here we aboard the inverse problem, that of constructing the algebra and the differential calculus from the commutative metric. As an example a noncommutative version of the Kasner metric is proposed which is periodic. This modified metric has a cosmological constant which can be seen to be directly related to the noncommutative structure.

1 Motivation

A definition has been given [1] of a torsion-free metric-compatible linear connection on a differential calculus Ω^∗(A) over an algebra A which has certain rigidity properties provided that the center Z(A) of A is trivial. It was argued from simple examples that a differential calculus over a noncommutative algebra uniquely determines a gravitational field in the commutative limit. Some examples have been given [2, 3, 4] of metrics which resulted from a given algebra and given differential calculus. Here we aboard the inverse problem, that of constructing the algebra and the differential calculus from the commutative metric. As an example we construct noncommutative versions of the Kasner metric and we show that it is possible to choose an algebra such that the metric is nonsingular before taking the commutative limit. The ‘II’ on the title alludes to a preliminary version given at the Torino Euroconference [5] on noncommutative geometry [6].

The physical idea we have in mind is that the description of space-time using a set of commuting coordinates is only valid at length scales greater than some fundamental length. At smaller scales it is impossible to localize a point and a new geometry must be used. We can use a solid-state analogy and think of the ordinary Minkowski coordinates as macroscopic order parameters obtained by ‘course-graining’ over regions whose size is determined by a fundamental area scale k̄, which is presumably, but not necessarily, of the order of the Planck area Gℏ. They break down and must be replaced by elements of a noncommutative algebra when one considers phenomena on smaller scales. A simple visualization is afforded by the orientation order parameter of nematic liquid crystals. The commutative free energy is singular in the core region of a disclination. There is of course no physical singularity; the core region can simply not be studied using the commutative order parameter.

As a concrete example we have chosen, for historical reasons, the Kasner metric; we show that its singularity can be resolved into an essentially noncommutative structure. We do not however claim that an arbitrary singularity in a metric on an arbitrary smooth manifold can be resolved using a noncommutative structure. From the point of view we are adopting a commutative geometry is a rather singular limit. The close relation between the differential calculus and the metric can at most be satisfied when the center is trivial. This manifests itself in the fact that on an ordinary manifold one can put any metric with any singularity. We argue only that those metrics which are ‘physical’ in some sense, for example are Ricci flat, can have resolvable singularities.

There is a similarity of the method we use to resolve the singularity with the method known in algebraic geometry as ‘blowing up’ a singularity [7] as well as with the method used by ’t Hooft and Polyakov to resolve the monopole singularity. The regular solution found in this case can in fact be considered as the Dirac monopole solution on a noncommutative geometry which contains the 2 × 2 matrix algebra as extra factor.

In previous articles the algebra and the differential calculus were given and the linear connection and metric were constructed. It was argued [8, 9] that given the algebra A the structure of Ω^∗(A) is intimately connected with the gravitational field which remains on V as shadow in the commutative limit k̄ → 0. Within the general framework which we here consider, the principal difference between the commutative and noncommutative cases lies in the spectrum of the operators which we use to generate the noncommutative algebra which replaces the algebra of functions. This in turn depends not only on the structure of this algebra as abstract algebra but on the representation of it which we choose to consider. Here we attempt the inverse problem, that of constructing the algebra and the differential calculus from the commutative linear connection. We cannot claim that the procedure is in any way unique.

For a discussion of the relation of noncommutative geometry to the problem of space-time singularities from rather different points of view from the one we adopt we refer, for example, to Heller & Sasin [10], to Hawkins [11] or to Lizzi et al. [12]. For a recent discussion of diffeomorphism invariance within the context of commutative gravity we refer to Gaul & Rovelli [13]. For a discription of a noncommutative approach to gravity using a choice of metric which does not fulfill the criteria which we use we refer to Aschieri & Castellani [14]. There seems to be a relation between the quadratic momentum algebra we use and non-linear representations of momentum operators considered recently, with [15] and without [16] the use of quantum groups. We refer to Chakrabarti [17] for review of this and references to the previous literature. A more elaborate description of the Kasner metric has been given by Damour et al. [18] and a recent discussion of its role in cosmology is to be found in Khalatnikov & Kamenshchik [19]. We refer elsewhere for a description of the same ‘quantization’ applied to the P P wave [20] and for a possible cosmological application [21].

In the next section we introduce the general formalism of noncommutative geometry which we use and we make some general remarks concerning the problem of ‘quantization’ of space-time. In Section 3 we recall the commutative Kasner metric. In Section 4 we make some remarks concerning perturbative approximations to noncommutative geometry and present the Kasner solution as a perturbative solution in k̄. In Section 5 we lift our view to the differential calculus and in the last section we discuss the field equations.

Greek indices take values from 0 to 3; the first half of the alphabet is used to index (moving) frames and the second half to index generators. Latin indices a, b, etc. take values from 1 to 3 and the indices i, j, etc. values from 0 to n − 1.

2 The general formalism

The notation is the same as that of a previous article [5] on the symplectic structure of space-time and is based on a noncommutative generalization [22, 8, 23] of the Cartan moving-frame formalism . Let A = C(V ) be the algebra of smooth real-valued functions on a space-time V which for simplicity we shall suppose parallelizable and with a metric and linear connection defined in terms of a globally defined moving frame θ^α. Let Ω^∗(A) be the algebra of de Rham differential forms. The space Ω^1(A) of 1-forms is free of rank 4 as a A-module. According to the general idea outlined above a singularity in the metric is due to the use of commuting coordinates beyond their natural domain of definition into a region where they are physically inappropriate. From this point of view the space-time V should be more properly described ‘near the singularity’ by a noncommutative ∗-algebra A over the complex numbers with four hermitian generators x^λ. The observables will be some subset of the hermitian elements of A. We shall not discuss this problem here; we shall implicitly suppose that all hermitian elements of A are observables, including the ‘coordinates’. We shall not however have occasion to use explicitly this fact.

We introduce 6 additional elements J^{μν} of A by the relations [x^μ, x^ν ] = ik̄J^{μν} . (2.1)

The details of the structure of A will be contained for example in the commutation relations [x^λ, J^{μν} ]. One can define recursively an infinite sequence of elements by setting for p ≥ 1 [x^λ, J^{μ1···μp} ] = ik̄J^{λμ1···μp} . (2.2) We shall assume that for the description of a generic (strong) gravitational field the appropriate algebra A has a trivial center Z(A): Z(A) = C . (2.3)

The only argument we have in favour of this assumption is the fact that it would be difficult to interpret the meaning of the center. The x^μ will be referred to as ‘position generators’. We shall suppose also that there is a set of n(= 4) antihermitian ‘momentum generators’ λ_α and a ‘Fourier transform’

F : x^μ −→ λ_α = F_α(x^μ)

which takes the momentum generators to the position generators.

Let ρ be a representation of A as an algebra of linear operators on some Hilbert space. For every k_μ ∈ R^4 one can construct a unitary element u(k) = e^{ikμxμ} of A and one can consider the weakly closed algebra A_ρ generated by the image of the u(k) under ρ. The momentum operators λ_α are also unbounded but using them one can construct also a set of ‘translation’ operators û(ξ) = e^{ξαλα} whose image under ρ belongs also to A_ρ. In general ûu ≠ uû; if the metric which we introduce is the flat metric then we shall see that [λ_α, x^μ] = δ^μ_α and in this case we can write the commutation relations ûu = quû with q = e^{ikμξμ} ; the ‘Fourier transform’ is the simple linear transformation λ_α = 1 ik̄ θ^{−1}_{αμ} x^μ for some symplectic structure θ^{αμ}. If the structure is degenerate then it is no longer evident that the algebra can be generated by either the position generators or the momentum generators alone. In such cases we define the algebra A to be the one generated by both sets. The derivations could be considered as outer derivations of the smaller algebra generated by the x^μ; they become inner in the extended algebra, We shall suppose that A has a commutative limit which is an algebra C(V ) of smooth functions on a space-time V endowed with a globally defined moving frame θ^α and thus a metric. By parallelizable we mean that the module Ω^1(A) has a basis θ^α which commutes with the elements of A. For all f ∈ A fθ^α = θ^αf. (2.4)

We shall see that this implies that the metric components must be constants, a condition usually imposed on a moving frame. The frame θ^α allows one [24] to construct a representation of the differential algebra from that of A. Following strictly what one does in ordinary geometry, we shall introduce the set of derivations e_α to be dual to the frame θ^α, that is with

θ^α(e_β ) = δ^α_β . (2.5)

We define the differential exactly as did E. Cartan in the commutative case. If e_α is a derivation of A then for every element f ∈ A we define df by the constraint df(e_α) = e_αf. The differential calculus is defined as the largest one consistent with the module structure of the 1-forms so constructed. One can at this point take [25] the classical limit to obtain four functions λ̃_α(x̃μ) which satisfy the equations {λ̃_α, x̃^μ} = ẽ^μ_α. This defines a Poisson structure directly from which one can calculate the {x̃^μ, x̃^ν }. In this way only at the last moment does one pass to a noncommutative algebra and most of the problem remains within the category of smooth manifolds.

It follows from general arguments that the momenta λ_α must satisfy the consistency condition

2λ_γ λ_δP^{γδ}_{αβ} − λ_γ F^γ_{αβ} − K_{αβ} = 0. (2.6)

The P^{γδ}_{αβ} define the product π in the algebra of forms:

θ^αθ^β = P^{αβ}_{γδ}θ^γ ⊗ θ^δ. (2.7)

This product is defined to be the one with the least relations which is consistent with the module structure of the 1-forms. The F^γ_{αβ} are related to the 2-form dθ^α through the structure equations: dθ^α = − 1 2 C^α_{βγ} θ^βθ^γ . In the noncommutative case the structure elements are defined as C^α_{βγ} = F^α_{βγ} − 2λ_δP^{(αδ)}_{βγ} . (2.8) It follows that e_αC^α_{βγ} = 0. (2.9) This must be imposed then at the classical level and can be used as a gauge-fixing condition.

Finally, to complete the definition of the coefficients of the consistency condition (2.6) we introduce the special 1-form θ = −λ_αθ^α. In the commutative, flat limit θ → i∂_αdx^α. As an (antihermitian) 1-form θ defines a covariant derivative on an associated A-module with local gauge transformations given by the unitary elements of A. The K_{αβ} are related to the curvature of θ:

dθ + θ^2 = K, K = − 1 2 K_{αβ} θ^αθ^β. All the coefficients lie in the center Z(A) of the algebra.

The condition (2.6) can be expressed also in terms of a twisted commutator

[λ_α, λ_β ]_P = 2P^{γδ}_{αβ} λ_γ λ_δ as [λ_α, λ_β ]_P = λ_γ F^γ_{αβ} + K_{αβ} .

It is also connected with the condition that d^2f = 0. The differential df of an element f ∈ A is given by df = e_αfθ^α. Since, in particular

d^2λ_γ = d([λ_β , λ_γ ]θ^β) = ([λ_α, [λ_β , λ_γ ]] −^1_2 [λ_μ, λ_γ ]C^μ_{αβ})θ^αθ^β

it follows that P^{αβ}_{γδ}e_αe_β − C^γ_{αβ} e_γ = 0. This is the same as Equation (2.6).

Equation (2.8) is the correspondence principle which associates a differential calculus to a metric. On the left in fact the quantity C^α_{βγ} determines a moving frame, which in turn fixes a metric; on the right are the elements of the algebra which fix to a large extent the differential calculus. A ‘blurring’ of a geometry proceeds via this correspondence. It is evident that in the presence of curvature the 1-forms cease to anticommute. On the other hand it is possible for flat ‘space’ to be described by ‘coordinates’ which do not commute. The correspondence principle between the classical and noncommutative geometries can be also described as the map

θ̃^α → θ^α (2.10)

with the product satisfying the condition θ̃^αθ̃^β → P^{αβ}_{γδ}θ^γθ^δ. The tilde on the left is to indicate that it is the classical form. The condition can be written also as C̃^α_{βγ} → C^α_{ηζ} P^{ηζ}_{βγ} or as lim_{k̄→0} C^α_{βγ} = C̃^α_{βγ} . (2.11)

A solution to these equations would be a solution to the problem we have set. It would be however unsatisfactory in that no smoothness condition has been imposed. This can at best be done using the inner derivations. We shall construct therefore the set of momentum generators. The procedure we shall follow is not always valid; a counter example has been constructed [26] for the flat metric on the torus. The correspondence principle which in fact we shall actually use is a modified version of the map ẽ_α → λ_α which is the inverse of that introduced by von Neumann to represent the Heisenberg algebra.

We introduce an involution [27] on the algebra of forms using [28] a reality condition on derivations, a procedure which is more or less a straightforward generalization of that which is used in the case of ordinary differential manifolds. The involution depends on the form of the product projection π. For general ξ, η ∈ Ω^1(A) it follows that (ξη)^∗ = −η^∗ξ^∗. In particular (θ^αθ^β)^∗ = −θ^βθ^α.

The product of two frame elements is hermitian then if and only if they anticommute. Recall that the product of two hermitian elements f and g of the algebra is hermitian if and only if they commute. When the frame exists one has necessarily also the relations

(fξη)^∗ = (ξη)^∗f^∗, (fξ ⊗ η)^∗ = (ξ ⊗ η)^∗f^∗

for arbitrary f ∈ A.

We write P^{αβ}_{γδ} in the form

P^{αβ}_{γδ} =^1_2 δ^{[α}_γ δ^{β]}_δ + ik̄Q^{αβ}_{γδ} (2.12)

of a standard projector plus a perturbation. If further we decompose Q^{αβ}_{γδ} as the sum of two terms Q^{αβ}_{γδ} = Q^{αβ}_{− γδ} + Q^{αβ}_{+ γδ} symmetric (antisymmetric) and antisymmetric (symmetric) with respect to the upper (lower) indices then the condition that

P^{αβ}_{γδ} be a projector is satisfied to first order in k̄ because of the property that Q^{αβ}_{γδ} = P^{αβ}_{ζη}Q^{ζη}_{γδ} + Q^{αβ}_{ζη}P^{ζη}_{γδ}. The compatibility condition with the product (P^{αβ}_{ζη})^∗P^{ηζ}_{γδ} = P^{βα}_{γδ} is satisfied provided Q^{αβ}_{γδ} is real.

We can now write (2.6) in the form [λ_α, λ_β ] + 2ik̄ [λ_γ , λ_δ] Q^{γδ}_{+ αβ} = K_{αβ} + λ_γ (F^γ_{αβ} − 2ik̄λ_δQ^{γδ}_{− αβ}). (2.13) This implies that to lowest order K_{+αβ} = ik̄K_{−γδ}Q^{γδ}_{+ αβ} so that we can rewrite (2.6) as two independent equations [λ_α, λ_β ] = K_{−αβ} + λ_γ F^γ_{−αβ} − 2ik̄λ_γ λ_δQ^{γδ}_{− αβ} , (2.14) 0 = K_{+αβ} + λ_γ F^γ_{+αβ} − 2ik̄λ_γ λ_δQ^{γδ}_{+ αβ} . (2.15) This is the form which we shall use.

Under a change of frame basis the coefficients of the spin connection also change. We mention only the linear approximation. If θ^{′α} = θ^α − H^α_βθ^β then C^{′α}_{βγ} = C^α_{βγ} + D_{[β}H^α_{γ]}. The only restriction on H^α_β, apart from the condition that it be small and antisymmetric, is that it must leave the condition (2.9) invariant or impose it if it is not satisfied.

It is necessary [1] to introduce a flip operation

σ : Ω^1(A) ⊗ Ω^1(A) → Ω^1(A) ⊗ Ω^1(A) to define the reality condition and the Leibniz rules. If we write S^{αβ}_{γδ} = δ^β_γ δ^α_δ + ik̄T^{αβ}_{γδ} we find that a choice [8] of connection which is torsion-free, and satisfies all Leibniz rules is given by

ω^α_β =^1_2 F^α_{γβ}θ^γ + ik̄λ_γ T^{αγ}_{δβ} θ^δ. (2.16)

The relation π ∘ (1 + σ) = 0

must hold [8, 9] to assure that the torsion be a bilinear map.

We shall suppose that A has a metric

g : Ω^1(A) ⊗ Ω^1(A) → A. (2.17)

In terms of the frame one can define the metric by the condition that g(θ^α ⊗ θ^β) = g^{αβ} . (2.18)

The g^{αβ} are taken to form an arbitrary complex matrix which satisfies [28] the symmetry condition

P^{αβ}_{γδ}g^{γδ} = 0 (2.19)

as well as the reality condition g^{βα} + ik̄T^{αβ}_{γδ} g^{γδ} = (g^{βα})^∗. It is tempting to suppose that to lowest order at least, in a semi-classical approximation, there is an analogue of Darboux’s lemma and that it is always possible to choose generators which satisfy commutation relations of the form (2.2) with the righthand in the center. However the example we shall examine in detail shows that this is not always the case. Having fixed the generators, the manifestations of curvature would be found then in the form of the frame. The two sets of generators x^μ and λ_α satisfy, under the assumptions we make, three sets of equations. The commutation relations (2.2) for the position generators x^μ and the associated Jacobi identities permit one definition of the algebra. The commutation relations for the momentum generators permit a second definition. The conjugacy relations assure that the two descriptions concern the same algebra. We shall analyze these identities later using the example to show that they have interesting non-trivial solutions.

The problem of gauge invariance and the algebra of observables is a touchy one upon which we shall not dwell. It is obvious that not all of the elements of A are gauge invariant but not that all observables are gauge-invariant. One of the principles of the theory of general relativity is that all (regular) coordinates systems or frames are equal. In the noncommutative case one finds that some are more equal than others. If one quantize a space-time using two different moving frames one will obtain two different differential calculi, although the two underlying algebras might be the same. This is equivalent to the fact that the canonical transformations of a commutative phase space are a very special set of phase-space coordinate transformations. It can also be expressed as the fact that the Poisson structure which remains on space-time as the commutative limit of the commutation relations breaks Lorenz invariance. In the special case where the H^α_β are constants then the two quantized frames will be also equivalent. Since we have decided to work only with algebras whose centers are trivial the converse will also be true. For a discussion of Poisson structures on curved manifolds we refer to Fedosov [29]. Since we are interested in finding the ‘simplest’ differential calculus, one of the aspects of the problem is the choice of ‘correct’ moving frame to start with.

One possible method of looking for a solution is to consider a manifold V embedded in R^d for some d with the commutation relations [y^i, y^j ] = ik̄θ^{ij}, θ^{ij} ∈ R. This will induce a symplectic structure on V which is intimately related to the one we shall exhibit in the following sections. The details of this have yet to be investigated. Let the larger algebra be B. It has a natural differential calculus defined by imposing the condition [y^i, dy^j ] = 0 that the differentials of the generators be a frame. It follows that the associated metric is flat. The projection

Ω^∗(B) −→ Ω^∗(A)

would yield a solution to the problem but it is not necessarily easier to find. In fact a similar situation arises in one of the possible definitions of a differential calculus as a quotient of the universal differential calculus by a differential ideal. In that case the projection is strictly equivalent to the calculus. This technique has been used [30] however in other contexts. One could also consider the problem of finding the metric as an evolution equation in field theory in the sense that one can pass from the Schrödinger picture to the Heisenberg picture with the help of an evolution hamiltonian.

It is interesting to notice how the old Kaluza-Klein idea of gauge transformations as coordinate transformations appears here. Gauge transformations are inner automorphisms of the algebra with respect to some unitary (pseudo-)group G_G ⊂ A of elements; the complete dynamical evolution of the system can be described as an involution with respect to one unitary element U = e^{iHt} of a (pseudo-)group G_H ⊂ A of elements of A, just as in quantum field theory. The difference lies in the ‘size’ of the subalgebra A_G in which G takes its values, as can be measured for example by the dimension of the commutant of the subalgebra generated by it; whereas in general dim(A^′_G) = dim(A^′), since gauge transformations are relatively unimportant, in general dim(A^′_H ) = 0. A topological field theory has dim(A^′_G) = dim(A^′_H ).

A Riemann-flat solution to the problem is given by choosing

e^μ_α = δ^μ_α, K_{αβ} = − 1 ik̄ θ^{−1}_{αβ} ∈ Z(A). We have introduced the inverse matrix θ^{−1}_{αβ} of θ^{αβ}; we must suppose the Poisson structure to be non-degenerate: det θ^{αβ} ≠ 0. The relations can be written in the form

λ_α = −K_{αμ}x^μ, [λ_α, λ_β] = K_{αβ} . (2.20)

This structure is flat according to our definitions.

We shall find it convenient to consider a curved geometry as a perturbation of a noncommutative flat geometry. The measure of noncommutativity is the parameter k̄; the measure of curvature is the quantity μ^2. There are two special interesting limits. If we keep k̄μ^2 small but fixed then we can let k̄ → 0 or k̄ → ∞. The former (latter) corresponds to a ‘small’ (‘large’) universe filled with ‘small’ (‘large’) cells. The number of cells is given by (k̄μ^2)^{−1}. We can assume the flat-space limit to have commutation relations of the form (2.1) with

J^{μν} = θ^{μν} (1 + o(ik̄μ^2)).

3 The Kasner metric

All quantities in this section are commutative and should have a tilde on them to emphasize this fact. For notational simplicity however we drop this symbol. Choose a symmetric matrix p = (P^a_b ) of real numbers. A moving frame for the Kasner metric is given by

θ^0 = dt, θ^a = dx^a − P^a_b x^bt^{−1}dt. (3.1)

The 1-forms θ^α are dual to the derivations

e_0 = ∂_t + P^i_j x^jt^{−1}∂_i, e_a = ∂_a

of the algebra A. The space X of all derivations is free of rank 4 as an A-module and the e_α form a basis. The Lie-algebra structure of X is given by the commutation relations

[e_a, e_0] = C^b_{a0}e_b, [e_a, e_b] = 0 (3.2)

with C^b_{a0} = P^b_a t^{−1}.

For fixed time it is a solvable Lie algebra which is not nilpotent. We have written the frame in coordinates which are adapted to the asymptotic condition.

The expression for C^b_{a0} contains no parameters with dimension but it has the correct physical dimensions. Let G_N be Newton’s constant and μ a mass such that G_N μ is a length scale of cosmological order of magnitude. As a first guess we would like to identify the length scale determined by k̄ with the Planck scale: ℏG_N ∼ k̄ and so we have k̄ ∼ 10^{−87}sec^2 and since μ^{−1} is the age of the universe we have μ ∼ 10^{−17}sec^{−1}. The dimensionless quantity k̄μ^2 is given by k̄μ^2 ∼ 10^{−120}. We saw, and we shall see below, that the spectrum of the commutator of two momenta is the sum of a constant term of order k̄^{−1} and a ‘gravitational’ term of order μt^{−1} = k̄^{−1} × (k̄μ)t^{−1}. So the gravitational term in the units we are using is relatively important for t ≲ k̄μ. The existence of the constant term implies that the gravitational field is not to be identified with the noncommutativity per se but rather with its variation in space and time. There is of course no evidence either in favour or against this assumption. We make it for reasons of convenience: it is easier to perturb an existing noncommutative structure and the constant term affords us with a convenient starting point for a perturbative expansion.

The components of the curvature form are given by

Ω^a_0 = (P^2 − P )^a_b t^{−2}θ^0θ^b, (3.3)

Ω^a_b = −^1_2 P^a_{[c}P_{d]b}t^{−2}θ^cθ^d. (3.4)

The curvature form is invariant under a uniform scaling of all coordinates. The Ricci tensor has components

R_{00} = Tr (P^2 − P )t^{−2}, R_{ab} = (Tr (P ) − 1)P_{ab}t^{−2}.

The vacuum field equations reduce then to the equations

Tr (P ) = 1, Tr (P^2) = 1.

If p_a are the eigenvalues of the matrix P^a_b there is a 1-parameter family of solutions given by

p_a = 1 1 + ω + ω^2

(1 + ω, ω(1 + ω), −ω). (3.5)

The most interesting value is ω = 1 in which case

p_a =^1_3 (2, 2, −1).

The curvature invariants are proportional to t^{−2}; they are singular at t = 0 and vanish as t → ∞.

4 The Kasner algebra

The Kasner metric is of Petrov type I and has four distinct principal null vectors. The limiting Poisson structure defines an additional two principle null vectors. We must also choose the frame so that it is in some way adapted to these vectors. A major problem, which has not been solved, is to possess a criterium by which one can decide if the frame is well-chosen. From the form of the principal null directions in the present case we conclude that the frame is properly aligned with respect to them except possibly for a rotation around the k-axis. We recall that the vectors k^a and l^a come from the limiting symplectic structure and P^a_d from the limiting metric.

4.1 Momentum aspects

Following the general argument we introduce an array of polynomials L_{αβ} quadratic in the momenta and write

[λ_a, λ_b] = K_{ab} + L_{ab}, [λ_0, λ_a] = K_{0a} + L_{0a}.

From the classical limit the L_{αβ} must be such that for arbitrary f ∈ A [e_a, e_b]f = 0, [e_a, e_0]f − Q^b_aτ(t)e_bf = 0.

We shall discuss below the relation between the matrices P and Q. We have here introduced the element τ of the subalgebra of A generated by t which must tend to a constant multiple of t^{−1} in the commutative limit. To determine the form of L_{αβ} we must consider the commutative limit. Since the Kasner metric is a vacuum solution and noncommutativity gives rise naturally to a cosmological constant we shall only be able to recover the Kasner metric as a double limit; first we must take a limit k̄ → 0 to recover a commutative theory and then we must take a second limit to recover Kasner’s solution. That is we shall not be able to define a series of geometries which are strictly speaking noncommutative versions of the Kasner metric.

¿From the Jacobi identities we find that [L_{ab}, f] = 0, [L_{a0}, f] − Q^b_aτe_bf = 0 To solve (formally) these equations it suffices to chose f = x^μ. We obtain then with f = t that L_{αβ} is a function of t alone and with f = x^a that

L_{ab} = 0, L_{a0} = Q^b_aτλ_b.

To allow for a family of metrics around the Kasner solution we shall add to the commutation relations These commutation rules define the linear connection in the noncommutative version. They are therefore essentially determined up to the usual ambiguities surrounding a quantization procedure. We shall also tolerate a small deviation if it is necessary to satisfy Jacobi identities. We suppose that L_{ab} = K^′_{ab}μ^{−1}τ + K^{′′}_{ab}μ^{−2}τ^2, L_{a0} = Q^b_aτλ_b + F^b_{a0}λ_b

The first term in the second equation is the essential, noncommutative generalization of the classical term. It would be present in the first equation but vanishes because of the form of the metric. The remaining terms are more-or-less ad hoc additions to satisfy the Jacobi identities. They must be such that they can be made arbitrarily small by ‘variation of parameters’. Since we wish to have τ = τ(t) we must impose the conditions e_aτ = 0. (4.1)

To insure this we require the constraints K^′_{ab} = α^′K_{ab}, K^{′′}_{ab} = α^{′′}K_{ab} on the coefficients. We arrive finally at an algebra defined by the relations

[λ_a, λ_b] = K_{ab}(1 + α^′μ^{−1}τ + α^{′′}μ^{−2}τ^2), (4.2)

[λ_0, λ_a] = K_{0a} + Q^b_aτλ_b + F^b_{0a}λ_b. (4.3)

We must now find an explicit expression for τ.

It would seem that the most natural connection between the symplectic and metric structures is that the vector k^a dual to K_{ab} be an eigenvector of Q^a_b . Let q be the corresponding eigenvalue. We suppose also that k^a is an eigenvector of F^a_{0b} with α the corresponding eigenvalue. We multiply then both sides of (4.3) by −ik̄μ^2k^a and find for the element τ = −ik̄μ^2k^aQ^b_aλ_b the equation

τ̇ + q(τ^2 + ατ + c^2μ^2) = 0, c^2 = det K. (4.4) It is obvious in the commutative limit when α, c → 0 that qτ → t^{−1}. If for example q is the third eigenvalue then p_3q_3τ → p_3t^{−1}.

If we assume that the same factor is valid for all three eigenvalues we can conclude that Qτ → p^{−1}_3 P t^{−1} (4.5) and that the Kasner solutions satisfy the constraints Tr (Q) = p^{−1}_3 , Tr (Q^2) = p^{−2}_3 .

The special role of the third coordinate here is due to the choice of k^a as third eigenvector.

If we shift τ and μ^2 to σ = τ +^1_2 α, m^2 = c^2μ^2 −^1_4 α^2 the dynamical equation can be written σ̇ + q(σ^2 + m^2) = 0. (4.6) It is invariant under the action of the ‘duality’ transformation σ → −m^2σ^{−1}. We shall refer to the equation for σ as the dynamical equation. It is a direct consequence of the Jacobi identities.

We must impose the conditions that insure that the Jacobi identities are satisfied. With (4.1) satisfied there are three identities which we can write in the Leibniz form

[λ_0, L_{ab}] = [L_{0a}, λ_b] + [λ_a, L_{0b}].

Using the Ansatz this becomes

K^′_{ab}μ^{−1}τ̇ + 2K^{′′}_{ab}μ^{−1}ττ̇ = Q^c_{[b}(K_{a]c}τ + K^′_{a]c}τ^2 + K^{′′}_{a]c}τ^3)

+ F^c_{0b}(K_{a]c} + K^′_{a]c}τ + K^{′′}_{a]c}τ^2)

Using the dynamical equation it reduces to four algebraic equations

qm^2K^′_{ab} = F^c_{0[b}K_{a]c}, (4.7)

2qm^2K^{′′}_{ab} = Q^c_{[b}K_{a]c} + F^c_{0[b}K^′_{a]c}, (4.8)

qK^′_{ab} = Q^c_{[b}K^′_{a]c} + F^c_{0[b}K^{′′}_{a]c}, (4.9)

2qK^{′′}_{ab} = Q^c_{[b}K^{′′}_{a]c}. (4.10)

At this point it is convenient to renormalize the ‘vacuum’ noncommutativity by imposing that it vanish as m^2 in the commutative limit. In this way we obtain the goal of a noncommutativity which is entirely due to the gravitational field; it vanishes in the limit. To stress also the fact that the K_{αβ} diverges when k̄ → 0 we write

K_{0a} = (ik̄)^{−1}c^2l_a, K_{ab} = (ik̄)^{−1}ϵ_{abc}c^2k^c

with two space-like vectors l_a and k^a. These are the sort of ‘vacuum-energy density’ we admit so that in the flat limit the commutation relations are not degenerate. It is only for ‘technical reasons’ that these terms are present. They make the calculations more difficult but they seem to be necessary in order to permit the definition of the momenta. Their status is an unsatisfactory and ambiguous aspect of the method here proposed.

We shall also suppose that

K^′_{ab} = 0, F^a_{b0} = 0.

The four algebraic equations reduce to the conditions

Tr Q = 3q, α^{′′} = 1.

If one looks at the family of ‘almost-Kasner’ metrics one finds that there is a solution of FRW-type with cosmological constant which has P = p · 1. We shall restrict our attention to this case.

Having the expression for τ we can also conclude that the extra terms in the commutation relations can be written in the form used in Section 2. They correspond respectively to

Q^{cd}_{a0} =^1_4 μ^2k^{(c}Q^{d)}_a , Q^{cd}_{ab} = −^1_4 μ^2k^ck^dϵ_{abe}k^e.

The functions τ = m cot(qmt) ≃ 1 qt , m^2 > 0, (4.11) τ = |m| coth(q|m|t) ≃ 1 qt , m^2 < 0, (4.12) τ = |m| tanh(q|m|t) ≃ q|m|^2t, m^2 < 0. (4.13) are all solutions. The small-t expansion is a strong-field limit; the Kasner metric would be a weak-field limit for large values of μt, provided that c → 0.

Since m = cμ and μ is a fixed ‘observable’ mass scale the limit c → 0 is the same as m → 0. If we expand to second order τ = 1 qt × (1 −^1_3 (qcμt)^2)

and identify the extra term as a curvature effect

Curv × t^2 ∼ −^1_3 (qcμ)^2t^2

and if also we identify μ^4 as the mean energy density then we see that it is consistent with the field equations to write k̄μ^4 = c^2μ^2, that is, to identify c^2 = k̄μ^2.

4.2 Position aspects

Some information can be obtained concerning the J^{μν} introduced in (2.1) by simply looking at the commutation relations and the associated Jacobi relations. We make essential use at this point of the momentum-position commutation relations [λ_0, t] = 1, [λ_0, x^b] = p_3Q^b_c(τx^c −^1_2 [τ, x^c]), [λ_a, t] = 0, [λ_a, x^b] = δ^b_aF (τ).

(4.14)

We recall the definition (4.5) of the matrix Q as a renormalization of the matrix P . The right-hand side of these relations comes from the correspondence principle and the classical metric with a modification by the function F (τ), similar to that in (4.2). We use indices from the middle of the alphabet to emphasize that they are not frame components. From the identity ik̄e_γ J^{μν} = [x^{[μ}, e^{ν]}_γ ], with J^{jk} = ϵ^{ijk}J_i, we find that e_iJ^{0j} = 0, (4.15) e_0J^{0i} = p_3Q^i_jτJ^{0j} , (4.16) e_iJ_j = ϵ_{jik}J^{0k}Ḟ , (4.17) e_0J_i = ϵ_{ijk}p_3Q^k_l (τJ^{jl} + τ̇x^jJ^{0l}). (4.18) Equation (4.16) can be integrated to yield J^{0i} = sin^{pi/q}(qmt)J^{0i}_0 . (4.19) The values of p_i are here critical. We shall concentrate on the ‘almost-Kasner’ metric with p_i =^1_3 , q = 1.

With these values the solution is J^{0i} = sin^{1/3}(mt)J^{0i}_0 . (4.20) Since [x^i, t] commutes with t one can use the product rule to calculate [x^i, τ]: [x^i, τ] = τ̇J^{i0}.

Using this we can find the time-dependence of the ‘angular momentum’ J_i.

Equation (4.17) can be integrated to yield

J_i = S_i(τ) + ϵ_{ijk}x^jJ^{0k}Ḟ .

Putting this expression into (4.18) we obtain an equation

e_0S_i =^1_3 τS_i

for S_i with the solution

S_i = sin^{1/3}(mt)S_{0i} (4.21)

as well as an equation F̈ =^1_3τ̇ for F with solution

F (t) = 1 +^1_3 log sin(mt)

The final solution is

J_i = S_i +^1_3 ϵ_{ijk}x^jJ^{0k}τ.

This has the form of an angular momentum vector which is the sum of a spin and an orbital momentum. We can set consistently J^{0i} = 0 in which case J_i = S_i. This means however that [x^μ, τ] = 0 and therefore that λ_0 does not belong to the algebra generated by the x^μ. In this formula and in those leading up to it one can show that the ‘composite’ operators are hermitian.

Halfway through a cycle when the size of the universe is at its maximum, one sees that τ = 0 and the angular momentum reduces to the spin component, which it also is at a maximum. On the other hand at the beginning and end the spin component vanishes and the orbital term becomes singular. Since the coordinate system also becomes singular it is difficult to appreciate the significance of this. A more reliable set of quantities would be the frame components θ^{αβ} define by J^{μν} = e^μ_αe^ν_β θ^{αβ}.

To a ‘quasi-classical’ approximation we can write

θ^{0a} = θ^a_i J^{0i} = J^{0a} θ^{ab} = θ^a_μθ^b_ν J^{μν} = F^2J^{ab} −^1_3 τx^{[a}J^{0b]} = (F^2 − 1)J^{ab} We should therefore ‘renormalize’ J_a J_{Ra} = (F^2 − 1)J_a and consider the norm |J_{Ra}| ∼ F^2Ḟ = 1 3 d dt F^3 as a measure of noncommutativity. This diverges at the origin as a power of a log.

4.3 A representation

It is possible to represent A as a tensor product of two Heisenberg algebras. We introduce μ_α with [μ_α, μ_β] = K_{αβ} .

In particular μ_3 = q ik̄k^3 t, μ_0 = λ_0.

Then the expression for τ can equally well be written respectively as λ_3 = − 1 ik̄μk^3 cot(ik̄μk^3μ_3), (4.1)

λ_3 = 1 ik̄μk^3 coth(ik̄|μ|k^3μ_3), (4.2)

λ_3 = 1 ik̄μk^3 tanh(ik̄|μ|k^3μ_3). (4.3) The relations (4.14) imply a certain number of Jacobi identities. The only non-trivial one with two momenta is [x^i, [λ_0, λ_a]] + [λ_0, [λ_a, x^i]] + [λ_a, [x^i, λ_0]] = 0.

We must find four elements x^μ of the algebra defined as functions of the momentum generators λ_α such that the commutation relations (4.13) imply those given in (4.14).

We define A_{12} (A_{30}) to be the algebra generated by (μ_1, μ_2) ((μ_3, μ_0)) and we identify the tensor product with A A_{12} ⊗ A_{30}^ϕ→ A by setting λ_0 = ϕ(μ_0) = μ_0, (4.4) λ_a = ϕ(μ_a) = μ_bU^b_a(μ_3, μ_0), (4.5) λ_3 = ϕ(μ_3) = −(ik̄μk^3)^{−1} cot(ik̄μμ_3k^3) (4.6) with U^b_a a block matrix with the entries U^3_a = U^a_3 = 0 for a = 1, 2. It follows that [λ_a, λ_b] = 1 ik̄ det(U)ϵ_{abc}k^c and therefore det(U) = ρ.

It follows also that we can write, for a = 1, 2 [λ_0, λ_a] = μ_bU̇^b_a = λ_b(U^{−1}U̇)^b_a with respectively in the three cases U = exp(Q log sin^{−1/q}(qμt), (4.7) U = exp(Q log sinh^{−1/q}(qμt), (4.8) U = exp(Q log cosh^{−1/q}(qμt). (4.9) ¿From the expression given above for λ_3 we see that in the first case V^3_3 = ϕ(μ_3) = −(ik̄μk^3)^{−1} cot(ik̄μμ_3k^3) (4.10) = 1 2ik̄μ^2k^3 d dt log sin^{−1/q}(qμt). (4.11)

The commutation relations [λ_0, τ] = −qμ^2ρ, [λ_0, ρ] = −4qτρ do not depend on the representation.

¿From the definition of L_{a0} one finds the relations λ_b(U^{−1}U̇)^b_a = (ik̄)^{−1}l_a − 2Q^b_aτλ_b which in particular, for a = 1, 2 implies that l_a = ik̄μ_b(U̇ + 2UQτ)^b_a. If also we set l_1 = l_2 = 0 we obtain the solution U = ρ^{Q/q}. (4.12) ¿From this we conclude that Tr Q = q. (4.13) The ‘canonical transformation’ μ_α → λ_α is partially given by a change in momenta defined by a transcendental function; it is highly nonlocal. There is evidence of what could be considered a noncommutative Darboux theorem. In the formal analogy with quantum field theory the μ_α could be perhaps considered ‘bare’ momenta and the λ_α the corresponding ‘dressed’ momenta. There has however been no use made of the latter and we shall wait until we have introduced the position generators and can speak of ‘bare’ and ‘dressed’ fields to pursue this analogy.

We shall restrict our analysis of the position operators to the case with U diagonal. As an educated guess we propose x = ik̄(k^3)^{−1}μ_2ρ^{−q1/(q)}, y = −ik̄(k^3)^{−1}μ_1ρ^{−q2/(q)}, z = −ik̄(l_3)^{−1}(μ_0 − q~)ρ^{−1}.

They are clearly dual to the λ_a. Using these expressions we find that [λ_0, x] = 4qq_1/(q)τx = q_1τx, [λ_0, y] = 4qq_2/(q)τy = q_2τx,

[λ_0, z] = 4qτ(z + 1 2 ik̄μ^2k^3).

Using these commutation relations we are in a position to identify the parameters q_a in terms of the observables p_a According to the classical limit we must equate q_aτ = p_at^{−1}, 4qτ = pt^{−1}. If we normalize in the strong-field limit we must identify (q_1 + q_2)τ with t^{−1}. We must set then

p_a = 2 q_1 + q_2

(q_1, q_2, q)

and the value of q is therefore given by ∑ p_a = 2 q_1 + q_2

(q_1 + q_2 + q) = 1.

This implies that q_1 + q_2 + 4q = 0.

The Fourier transform is the map λ_α → x^μ defined by

x = ik̄(k^3)^{−1}μ_2ρ^{−q1/(q)}, y = −ik̄(k^3)^{−1}μ_1ρ^{−q2/(q)}, z = −ik̄(l_3)^{−1}(μ_0 − q~)ρ^{−1}, t = 2(μp)^{−1}arccot(μ^{−1}τ). (4.14) The commutators of the position generators are now easily calculated from their expressions in terms of the momenta. The non-vanishing relations are

[x, y] = ik̄(k^3)^{−1}ρ^{−1}, [x, z] = 2ik̄q_1l^{−1}_3 τxρ^{−1}, [y, z] = 2ik̄q_2l^{−1}_3 τyρ^{−1}, [t, z] = ik̄l^{−1}_3 ρ^{−1}.

(4.15)

The quantities J^{μν} introduced in (2.1) can be written as

J^{μν} = l^{−1}_3 ρ^{−1}

0 l_3(k^3)^{−1} q_1τx 0 −l_3(k^3)^{−1} 0 q_2τy 0 −q_1τx −q_2τy 0 −1 0 0 1 0 .

These necessarily satisfy the Jacobi identities alluded to in Section 2.

One can also consider the derivations which generate the frame and impose that they tend to the appropriate vector field. The classical limit implies that

e_0L_{a0} + C^b_{a0}(K_{b0} + L_{b0}) = o(1), (4.16)

e_bL_{a0} + C^c_{a0}(K_{cb} + L_{cb}) = o(1). (4.17)

The ‘correspondence principle’ can be written as

C^a_{b0} = F^a_{b0} − 4i lim_{k̄→0} k̄λ_cQ^{ca}_{− b0}. (4.18)

The limit on the right-hand side is meant to be a weak limit in a given representation of the algebra. Since this is the case in the classical limit we shall set F^γ_{αβ} = 0.

5 The Differential Calculus

There is a well-defined if perhaps complicated algorithm to construct the frame starting with the momenta λ_α. One must solve the duality equations (2.5). As an educated guess one tries a straightforward generalization of the commutative expressions: θ^0 = dt, θ^1 = dx − p_1τxdt, θ^2 = dy − p_2τxdt, θ^3 = dz − p_3τzdt −^1_2 p_3[z, τ]dt. (5.1)

We know that [x, t] = [y, t] = 0. We anticipate here the possibility that [z, t] ≠ 0.

From the commutative limit (3.1) one can immediately guess that the frame is given by (no summation) θ^0 = 2paμdt, θ^a = dx^a − 2p_ax^aτdt. To verify that this is indeed the case one must verify the duality relations and more important verify that the differential calculus one obtains is consistent with the commutation relations of the algebra.

These commutation relation can be simplified with the transformations x^′ = xρ^{−2p1/p3} , y^′ = yρ^{−2p2/p3} , z^′ = 1 2 (zρ + ρz).

We have as the only non-vanishing relations

[x^′, y^′] = (ik̄)(k_3)^{−1}, [t, z^′] = (ik̄)l^{−1}_3 . The transformations can also be written as x^′ = (ik̄)(k_3)^{−1}μ_2, y^′ = −(ik̄)(k_3)^{−1}μ_1, z^′ = −(ik̄)l^{−1}_3 λ_0. The simplified commutation relations obtained in this way correspond to the split A = A_{03} ⊗ A_{12} of the algebra mentioned before.

Let us now consider the following definition

z^{′′} = z + ik̄μk^3ρu cos u = z + ik̄μ^2k^3τ(μ^2 + τ^2)^{−1} or z^{′′} = −ik̄l^{−1}_3 (μ^2 + τ^2)^{−1}λ_0.

It is clear that z^{′′} is not hermitian. One can also see that the following relations hold [λ_0, z^{′′}] = p_3τz^{′′}, θ^3 = dz^{′′} − p_3τz^{′′}dt and [z^{′′}, σ] = ik̄μ^2k^3, The commutation relations of these coordinates are the same as in the original coordinates. The principal advantage of introducing z^{′′} lies in the fact that the duality conditions and the frame can be written in a form similar to the classical limit even if non-commutativity is present.

In the coordinate system x^{′a} we obtain the following expression for the frame θ^0 = dt, θ^a = ρ^{2pa/p3} dx^{′a}. and thus the line element ds is written as

ds^2 = dt^2 − ρ^{4p1/p3} (dx^′)^2 − ρ^{4p2/p3} (dy^′)^2 − ρ^4(dz^′)^2.

6 The field equations

Having ‘blurred’ the Kasner metric and deformed the resulting algebra we can now take the ‘sharp’ limit and see what we obtain. With the form of P^a_b we have the metric cannot be Ricci-flat but has an induced cosmological constant due to the noncommutativity [21]. The metric is that of the flat FRW universe filled with dust. We refer elsewhere [19] for a discussion of this point. The theory we are investigating has certain similarities with theories of the type called Kaluza-Klein. That is, the additional noncommutative structure can perhaps at least to a certain extent be assimilated to an effective commutative theory in higher dimensions. This means that even if one could define a curvature tensor in a satisfactory manner there is no reason to expect the Ricci tensor to vanish. We shall assume that to the lowest approximation the Ricci tensor of the total structure does vanish and we shall use the Ricci tensor of the four dimensions to elucidate the structure of the hidden dimensions.

Although this is not satisfactory in the noncommutative case, we define the curvature and the Ricci ‘tensor’, exactly as in the commutative case [31], as the left-linear maps

Curv = −D^2, Ric = g ∘ Curv.

In Section 4 we introduced the space-like components of the frame which satisfy the anti-commutation relations

θ^{(a}θ^{b)} = 2ik̄k^{(a}P^{b)}_cθ^cθ^0 + 4ik̄μ^2k^ak^bQ^c_dk^dϵ_{crs}θ^rθ^s.(6.1)

(θ^0)^2 = 0, θ^{(a}θ^{0)} = 0. (6.2)

Using these relations we find that

Curv(θ^0) = Ω^0_α ⊗ θ^α,

Curv(θ^a) = Ω^a_β ⊗ θ^β

with

Ω^a_0 = (σ̇p + σ^2P^2)^a_b θ^0θ^b,

Ω^0_b = (σ̇p + σ^2P^2)^a_b θ^0θ^b,

Ω^a_b = −^1_2 σ^2P^a_{[r}p_{s]b}θ^rθ^s −^1_2 σ^2P^a_r p_{sb}θ^{(r}θ^{s)}

An added problem is that we have to insure that these maps are hermitian. We have here explicitly used the definition [28] of reality in the tensor product structure which was inspired by the form of the connection. Using (6.2) and (6.2) and arbitrary (real) X^a_{0bc} one can write

Ω^a_0 = (σ̇p + σ^2P^2)^a_b θ^0θ^b + X^a_{0bc}θ^{(b}θ^{c)} − X^a_{0bc}ik̄k^{(b}P^{c)}_dθ^dθ^0, Ω^a_b = −^1_2 σ^2P^a_{[r}p_{s]b}θ^rθ^s −^1_2 σ^2(P^a_r p_{sb}θ^{(r}θ^{s)}

= −^1_2 σ^2P^a_{[r}p_{s]b}θ^rθ^s − 2iqk̄σ^2k^ap_{bc}θ^cθ^0 There appears an extra off-diagonal component of the Ricci map, given by

R^a_0 = ik̄qσ^2P^abk^b + R^a_{000}g^{00} = ik̄(qσ^2P^a_b k^b + Q^{a0}_{cd})λ^cλ^d. We would like this to vanish, which is equivalent to the choice Q^{a0}_{cd} = μ^2P^a_b k^bk_ck_d = μ^2qk^ak_ck_d.

Using these expressions one can calculate the adjoint of the curvature map. This will be done in a future publication.

The components of the Ricci map are Ric(θ^0) = (σ̇Tr (p) + σ^2Tr (P^2))θ^0, Ric(θ^a) = (σ̇ + σ^2Tr (p))P^a_b θ^b We impose therefore the constraints Tr (P^2) = qTr (p) = (q)^2.

The components of the Ricci map are Ric(θ^0) = −qμ^2θ^0, (6.3) Ric(θ^a) = −P^a_b μ^2θ^b (6.4) To interpret this as a cosmological constant we must have P^a_b = qδ^a_b .

In this case although Curv is not bilinear Ric is well defined. It is apparent here that there is a connection [21] between the noncommutativity on the one hand and the cosmological constant on the other.

Acknowledgments

One of the authors (JM) would like to thank M. Burić, S. Cho, G Fiore, E. Floratos, H. Grosse, A. Sykora, S. Theisen, P. Tod and G. Zoupanos for interesting conversations. Preliminary work was to a large extent carried out while he was visiting the MPI in München. He is grateful to Julius Wess for financial support during this period. The results included here were presented by him at the II Summer School in Modern Mathematical Physics, Kopaonik, at the XXI Workshop on Geometric Methods in Physics, Bialowieza and at the Erwin Schrödinger Institute workshop on Noncommutative Geometry, Feynman Diagrams and Quantum Field Theory.

7 Appendix

We collect here some formulae involving the components P^{αβ}_{γδ} and S^{αβ}_{γδ} of π and σ, as well as the components Q^{αβ}_{γδ} and T^{αβ}_{γδ} of the perturbations away from the classical values. We start with the consistency condition [8, 9] Equation 2.6 2λ_γ λ_δP^{γδ}_{αβ} − λ_γ F^γ_{αβ} − K_{αβ} = 0. All the coefficients lie in the center Z(A) of the algebra. With no restriction of generality we can impose the conditions C^ϵ_{γδ} = P^{αβ}_{γδ}C^ϵ_{αβ} , K_{γδ} = P^{αβ}_{γδ}K_{αβ} . (7.1) It is clear that the contribution from the term Q^{γδ}_{+ αβ} is suppressed. In fact it can be eliminated by a redefinition K_{αβ} − 2ik̄Q^{γδ}_{+ αβ}K_{γδ} + o((ik̄)^2) → K_{αβ} , F^ϵ_{αβ} − 2ik̄Q^{γδ}_{+ αβ} F^ϵ_{γδ} + o((ik̄)^2) → F^ϵ_{αβ} of the coefficients K_{αβ} and F^γ_{αβ}.

The original condition (2.6) becomes then, neglecting terms of order (ik̄)^2,

[λ_α, λ_β ] = K_{αβ} + λ_γ (F^γ_{αβ} − 2ik̄λ_δQ^{γδ}_{− αβ}). (7.2)

That is, in some expressions only part of the perturbation plays a role. Were we interested in anti-commutation relations then the other part would be of importance. We can rewrite (2.8) in the form C^α_{βγ} = F^α_{βγ} − 4ik̄λ_δQ^{δα}_{− βγ} . (7.3) In Equation (2.16) we proposed ω^α_β =^1_2 F^α_{γβ}θ^γ + ik̄λ_γ T^{αγ}_{δβ} θ^δ.

as connection form. To all orders one has ω^α_{ηζ} P^{ηζ}_{βγ} =^1_2 C^α_{βγ} . (7.4) This is the usual relation between the Ricci-rotation coefficients and the Levi-Civita connection. Using it one can deduce (2.8) from (2.16). One can also write (2.16) in the form 2ω^α_{δβ} = C^α_{δβ} + ik̄λ_γ T^{αγ}_{(δβ)} − ik̄λ_γ T^{αγ}_{(ηζ)}Q^{ηζ}_{δβ} which includes the part symmetric in the second two indices and which must be determined by the condition that the connection be metric. In terms of the coefficients P^{αβ}_{γδ} the relation can be written in the form T^{αβ}_{ηζ} P^{ηζ}_{γδ} + Q^{(αβ)}_{γδ} = 0. (7.5) To lowest order this becomes Q^{αβ}_{− γδ} = −^1_4 T^{αβ}_{[γδ]}, (7.6) T^{αβ}_{γδ} = −2(Q^{αβ}_{− γδ} − Q_{+(γ}^β_{δ)}^α). (7.7) The symmetric part of T^{αβ}_{γδ} has been here fixed by the condition that the connection be metric.

If we write g^{αβ} = η^{αβ} + ik̄h^{αβ} then we find that to first order the symmetry and reality become respectively h^{[αβ]} = −2Q^{αβ}_{+ γδ}η^{γδ} , 2h^{αβ} = −T^{βα}_{γδ}η^{γδ} . If we require that the flip be an involution then we find to first order that T^{αβ}_{γδ} + 2Q^{αβ}_{γδ} = 0.

It follows that h^{αβ} = 0. The various reality conditions [27, 28] imply also that (Q^{αβ}_{γδ})^∗ = Q^{αβ}_{γδ} + o(ik̄), (T^{αβ}_{γδ})^∗ = T^{αβ}_{γδ} + o(ik̄). The sum of two idempotents is also an idempotent if the two terms are orthogonal. The condition that the product be a projector implies that it be hermitian with respect to the usual inner product on the tensor product: g^{αγ} g^{βδ} = (θ^α ⊗ θ^β, θ^γ ⊗ θ^δ). Therefore we have the condition P^{αβ}_{γδ}g^{γζ} g^{δη} = P^{ζη}_{γδ}g^{γα}g^{δβ} (7.8) for P^{αβ}_{γδ} and the metric. A weaker condition is the orthogonality condition P^{αβ}_{γδ}g^{γζ} g^{δη} (δ^μ_ζ δ^ν_η + S^{μν}_{ζη}) = 0. With the Ansatz we shall use this second condition is an identity.

The connection is compatible with the metric if T^{αγ}_{δϵ}g^{ϵβ} + T^{βγ}_{δϵ}g^{αϵ} + ik̄T^{βγ}_{ϵζ} g^{ηζ} T^{αϵ}_{δη} = 0. (7.9) To first order this simplifies to the usual condition T^{(αγ}_δ^{β)} = o(ik̄). (7.10) The index was lifted here with the lowest-order, symmetric part of the metric. With the Ansatz we use we find that T^{ab}_{0c} = qμ^2(k^aP^b_c − k_cP^{ba}) is the solution.

References

[1] M. Dubois-Violette, J. Madore, T. Masson, and J. Mourad, “On curvature in noncommutative geometry,” J. Math. Phys. 37 (1996), no. 8, 4089–4102,

q-alg/9512004.

[2] M. Dubois-Violette, J. Madore, T. Masson, and J. Mourad, “Linear connections on the quantum plane,” Lett. Math. Phys. 35 (1995), no. 4, 351–358,

hep-th/9410199.

[3] S. Cho, J. Madore, and K. S. Park, “Noncommutative geometry of the h-deformed quantum plane,” J. Phys. A: Math. Gen. 31 (1998), no. 11, 2639–2654,

q-alg/9709007.

[4] G. Fiore and J. Madore, “The geometry of quantum euclidean spaces,” J. Geom. Phys. 33 (2000) 257–287,

math/9904027.

[5] J. Madore, “On the resolution of space-time

singularities,” in Castellani et. al. [6], pp. 2419–2425. Torino, July 1999.

[6] L. Castellani, F. Lizzi, and G. Landi, eds.,

“Noncommutative geometry and Hopf algebras in field theory and particle physics,” Euroconference on Noncommutative Geometry. Torino, July 1999. Int. J. Mod. Phys. B 14 no. 22-23, World Scientific Publishing, 2000.

[7] S. S. Abhyankar, Resolution of Singularities of Embedded Algebraic Surfaces. Springer Monographs in Mathematics. Springer-Verlag, second ed., 1998.

[8] A. Dimakis and J. Madore, “Differential calculi and linear connections,” J. Math. Phys. 37 (1996), no. 9, 4647–4661, q-alg/9601023.

[9] J. Madore and J. Mourad, “Quantum space-time and classical gravity,” J. Math. Phys. 39 (1998), no. 1, 423–442.

[10] M. Heller and W. Sasin, “Non-commutative structure of singularities in general relativity,” J. Math. Phys. 37 (1996) 5665.

[11] E. Hawkins, “Noncommutative rigidity,”

http://arXiv.org/abs/math.qa/0211203.

[12] F. Lizzi, G. Mangano, G. Miele, and M. Peloso, “Cosmological perturbations and short distance physics from noncommutative geometry,” J. High Energy Phys. 06 (2002) 049, hep-th/0203099.

[13] M. Gaul and C. Rovelli, “Loop quantum gravity and the meaning of diffeomorphism invariance,” in Towards Quantum Gravity, J. Kowalski-Glikman, ed., no. 541 in Lect. Notes in Phys., pp. 277–324. Springer-Verlag, 1999.

gr-qc/9910079. Polanica, February 1999.

[14] P. Aschieri and L. Castellani, “An introduction to noncommutative differential geometry on quantum groups,” Int. J. Mod. Phys. A 8 (1993) 1667–1706,

hep-th/9207084.

[15] J. Lukierski and A. Nowicki, “Nonlinear and quantum origin of doubly infinite family of modified addition laws for fourmomenta,” Czech. J. Phys. 52 (2002) 1261–1268,

hep-th/0209017.

[16] J. Magueijo and L. Smolin, “Generalized Lorentz invariance with an invariant energy scale,”

gr-qc/0207085.

[17] A. H. Chamseddine, “Invariant actions for

noncommutative gravity,” hep-th/0202137.

[18] T. Damour, M. Henneaux, and H. Nicolai, “Cosmological billiards,” hep-th/0212256.

[19] I. M. Khalatnikov and A. Y. Kamenshchik, “A generalization of the Heckmann-Schücking cosmological solution,” to appear (2003) gr-qc/0301022.

[20] M. Maceda, J. Madore, and D. C. Robinson, “Fuzzy-pp waves,” (to appear) (2002)

http://arXiv.org/abs/hep-th/0207225.

[21] M. Maceda, J. Madore, P. Manousselis, and

G. Zoupanos, “Blowing up the Big Bang,” (to appear) (2003).

[22] J. Madore, “Kaluza-Klein aspects of noncommutative geometry,” in Differential Geometric Methods in Theoretical Physics, A. I. Solomon, ed., pp. 243–252. World Scientific Publishing, 1989. Chester, August 1988.

[23] B. L. Cerchiai, G. Fiore, and J. Madore, “Frame formalism for the N-dimensional quantum euclidean spaces,” in Castellani et. al. [6], pp. 2305–2314.

math.QA/0007044. Torino, July 1999.

[24] J. Madore, An Introduction to Noncommutative Differential Geometry and its Physical Applications. No. 257 in London Mathematical Society Lecture Note Series. Cambridge University Press, second ed., 2000. 2nd revised printing.

[25] A. Sykora, “A minimal extension of the Kasner solution,” (to be published) (2003) .

[26] J. Madore and L. A. Saeger, “Topology at the Planck length,” Class. and Quant. Grav. 15 (1998) 811–826,

gr-qc/9708053.

[27] A. Connes, “Noncommutative geometry and reality,” J. Math. Phys. 36 (1995) 6194.

[28] G. Fiore and J. Madore, “Leibniz rules and reality conditions,” Euro. Phys. Jour. C 17 (1998), no. 2, 359–366, math/9806071.

[29] B. Fedosov, Deformation Quantization and Index Theory. Akademie-Verlag, Berlin, 1996.

[30] B. Körs, D. Lüst, and A. Miemiec, “Non-commutative D- and M-brane bound states,” Fortschritte der Phys. 49 (2001) 869–884, hep-th/0103203.

[31] J. L. Koszul, Lectures on Fibre Bundles and Differential Geometry. Tata Institute of Fundamental Research, Bombay, 1960.